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We present a non perturbative and formally exact approach for charge transport in interacting
nanojunctions based on a real time path integral formulation of the reduced system dynamics. For
reservoirs of noninteracting fermions, the exact trace over the leads’ degrees of freedom results in
the nonlocal in time Feynman-Vernon influence functional, which induces time correlations between
tunneling transitions in and out of the nanojunction. An expansion of the influence functional in
terms of the number of tunneling transitions, and integration of the Grassmann variables between
the tunneling times, allows us to obtain a still exact generalized master equation (GME) for the
populations of the reduced density matrix (RDM) in the occupation number representation, as well
as a formally exact expression for the current. To this extent, we exploit that in the occupation
number representation each single-particle fermionic degree of freedom can be only empty or occu-
pied, and that this change can only occur upon tunneling. By borrowing the nomenclature of the
famous spin-boson problem, we characterize the two-state dynamics of such degrees of freedom on
the forward and backward branches in terms of single four-state paths with alternating blips and
sojourns. This allows a diagrammatic representation of the GME kernel and its parametrization in
terms of sequences of blips and sojourns.

We apply our formalism to the exactly solvable resonant level model (RLM) and to the the single
impurity Anderson model (SIAM), the latter being a prototype system for studying strong correla-
tions. For both systems, we demonstrate a hierarchical diagrammatic structure of the exact GME
kernel. While the hierarchy closes at the second-tier level for the RLM, this is not the case for
the interacting STAM. Upon inspection of the GME, known results from various perturbative and
nonperturbative approximation schemes to quantum transport in the SIAM are recovered. For ex-
ample, a truncation to the second tier reproduces the resonant tunneling approximation applicable
for temperatures well above the Kondo temperature Tk. Finally, a noncrossing approximation for
the hierarchical kernel is developed, which enables us to systematically decrease temperature at each
next level of the approximation. Analytical results for a simplified fourth-tier scheme are presented.

I. INTRODUCTION

The qualitative understanding and quantitative de-
scription of transport properties of interacting nanojunc-
tions is one of the core problems of nonequilibrium con-
densed matter physics. Interacting nanojunctions de-
scribe the general class of open systems whereby a quan-
tum system S of interest (a molecule, a quantum wire,
a set of quantum dots etc.) is coupled via tunneling to
two or more fermionic reservoirs held at different chem-
ical potential and/or temperature, see Fig. 1. Relevant
observables of interest are typically the average current
flowing through the junctions, or its higher-order cumu-
lants, which result from a nonequilibrium configuration
in the leads.

The presence of many-body electronic interactions in
the central system, in combination with the large number
of degrees of freedom in the fermionic reservoirs, renders
the solution of the transport problem a challenge. Not
even for the archetypal single-impurity Anderson model
(STIAM) [1], where the central system is a single orbital
which can accommodate two electrons of opposite spin,
the current-voltage characteristics for this model has yet
been obtained in closed analytic form in the whole regime
of parameters. The STAM is a prototypical example to in-
vestigate the interplay between strong correlations in the
central system and a continuum of degrees of freedom

provided by the leads electrons. Below a critical temper-
ature, known as Kondo temperature Tk, this interplay
gives rise to the emergence of the Kondo singlet, a bound
state at the Fermi level signaling the screening of the un-
paired impurity spin by the conduction electrons [2—6].
Importantly, the Kondo temperature depends exponen-
tially on the tunneling coupling, showing the need of non-
perturbative approaches in the tunneling to capture this
effect [4].

The necessity to develop approximation schemes en-
abling the treatment of tunneling and interactions on the
same footing is at the core of various approaches to inter-
acting quantum transport which have been proposed in
the literature. In order to understand the novelty of the
method proposed in this work, and to put it in a proper
context, we shortly summarize the very essence of the
main approaches available so far. We start by distin-
guishing between numerically exact methods and analyt-
ical or semi-analytical schemes. In equilibrium, numeri-
cally exact methods such as the numerical renormaliza-
tion group (NRG) [7, 8] or the density matrix renormal-
ization group (DM-NRG) [9, 10] are well-established to
evaluate the linear conductance through nanojunctions
with only few degrees of freedom of the central system.
In this work we shall use results from DM-NRG simula-
tions to benchmark various approximation routes for the
SIAM. Numerical schemes also applicable in nonequilib-



rium situations are being developed and involve, among
others, time-dependent DM-NRG methods [11, 12], itera-
tive [13] and Monte Carlo [14] path integral schemes, and
hierarchical equation of motion approaches [15, 16], also
based on the path integral approach, or auxiliary function
methods [17-19]. See also [20] for a more detailed review
and comparative study of some of these approaches. The
computational effort however grows exponentially with
the number of degrees of freedom of the central system,
which renders numerical approaches impractical for in-
teracting nanojunctions with more than few degrees of
freedom.

For this reason, also semi-analytical and analytical
schemes have attracted much interest to address the
transport problem. These encompass frameworks where
the expression for the current involves the calculation
of nonequilibrium Greens’ functions and associated self-
energies [21-27] to ones where the current results from a
statistical average, and thus the central quantities are the
density operator or the reduced density matrix (RDM) of
the open system, see e.g. [28-31]. Given the large variety
of methods and their different range of applicability, it is
rather difficult to keep focus of the enormous amount of
literature by now available, so that comparison between
various schemes and short topical reviews become very
valuable [32-38].

From the perspective of this work, it is convenient
to separate the available methods in two main groups.
In the first one, and by far the most popular, starting
point are dynamical equations for the relevant quantities,
which are solved by truncating a hierarchy of equations,
or by systematic perturbation schemes. The most known
dynamical schemes involve equations of motions for the
Green’s functions [33, 39-43], kinetic equations for the
density matrix [44, 45] or the reduced density operator
[29, 46-52], and perturbative RG-schemes [53-59]. In the
second and much less explored one, starting point are for-
mally exact expressions for generating functions or for the
reduced density matrix obtained with field integral meth-
ods. Here the relevant information on the time-evolution
of the open system is captured e.g. by Keldysh effective
actions [60, 61] or double-path Feynman-Vernon influ-
ence functionals [62, 63], resulting from an exact trace
over the reservoir degrees of freedom. The advantage of
these approaches is to enable analytical solutions being
intrinsically nonperturbative in both the tunneling and
interaction. For example, generating functional methods
have been used to treat zero-bias anomalies in metallic
islands [64], and the nonequilibrium Kondo effect in the
SIAM [65, 66] and in carbon nanotube-based quantum
dot [67-69]. However, a treatment of interacting nano-
junctions based on an exact path integral expression for
the junction’s RDM has not been discussed yet. In this
work we wish to bridge this gap.

Here we propose an analytical method, based on
the Feynman-Vernon influence functional approach for
fermionic reservoirs. This approach provides an exact ex-
pression for the RDM in the fermionic coherent-state rep-

resentation [70, 71] and has been used to investigate tran-
sient and stationary transport in noninteracting nano-
junctions [63, 72-74].

Here we show that the influence functional is also a
powerful tool to treat interaction effects all the way down
to low temperatures for a generic nanojunction linearly
coupled to nonequilibrium fermionic reservoirs. Start-
ing from the exact formal expression for the system’s
RDM, we derive a still exact quantum master equation
for the same object. Importantly, and one major result
of this work, a nested hierarchical structure of the quan-
tum master equation kernel is recognized which allows
for devising systematic, non perturbative schemes in the
calculation of the kernel. Similarly, a path-integral ex-
pression for the current through the nanojunction is ob-
tained and its relation to current formulae in terms of
nonequilibrium Green’s functions [21] elucidated. We
apply then our formalism to two archetypal examples.
The first one, the exactly solvable resonant level model
(RLM) [36], is used to show that the nesting in the hi-
erarchical structure is finite for noninteracting models,
and thus a closed analytical form for the current can
be obtained. The second is the SIAM, where the com-
bined effect of interactions and tunneling coupling imply
a complex, infinite, hierarchical structure. On the one
hand, by performing an expansion of the kernel in pow-
ers of the tunneling coupling, Coulomb blockade physics,
single electron tunneling and cotunneling effects occur-
ring in the weak coupling limit [75] can be described, in
agreement with established diagrammatic perturbative
schemes, see e.g. [34, 47]. On the other hand, by trun-
cating the hierarchy to the second tier, approximation
schemes for the STAM obtained from equation of motion
approaches (EOM) for Green’s function [76], or the dia-
grammatic resonant tunneling approximation (RTA) [47]
are recovered. Such schemes foresee the onset of the
Kondo zero-bias anomaly, but are plagued by a pinning
problem of the self-energy at the particle-hole symme-
try point when decreasing the temperature, see e.g. [40].
Further, the temperature for the onset of the anomaly
differs from the proper Kondo temperature, see e.g. [49].
Thus higher-oder tiers are required. In this work, we
develop an infinite-tier scheme whereby the problem of
finding the self-energies, and thus the retarded Green’s
function, is reduced to a geometrical problem involving
the inversion of matrices of dimension 4 x 4, at most, for
the STAM. Exemplarily, we discuss a fourth-tier scheme
whose simplified version allows for an analytical solution
that improves over the second-tier schemes.

The paper is structured as follows. In Sec. IT we in-
troduce the generic model for interacting nanojunctions
and derive formally exact path integral expressions in the
coherent-state representation [70] for both the RDM and
for the current at a given lead [63, 72]. Here, as a re-
sult of the trace over the fermionic reservoirs, tunneling
events in and out of the central system become correlated
through the action of the time-nonlocal Feynman-Vernon
influence functional. How to then obtain an exact master



equation for the RDM in the case of noninteracting nano-
junctions is further discussed in [63, 72]. Since our focus
is on the interplay of interactions and tunneling, we per-
form a first crucial step by expressing the exact propaga-
tor in the occupation number representation starting from
the coherent-state picture. This transformation paves
the route for the expansion of the influence functional in
series of tunneling transitions discussed in Sec. III, and
for the diagrammatic representation of the propagator in
terms of blips and sojourns illustrated in Sec. IV. Here,
borrowing the nomenclature from the famous spin-boson
problem [77], we show that by expanding the influence
functional and integrating out the Grassmann variables
we can view a path as a sequence of blips/sojourns as for
the two-state system in the spin-boson problem; the two
states of the spin correspond here to (fermionic) degrees
of freedom of the central system being empty or singly
occupied. In Sec. V this knowledge is used to obtain an
exact generalized master equation for the diagonal ele-
ments (populations) of the RDM, as well as an integral
equation for the current. The hierarchical structure of
the populations kernel in Laplace space and the Dyson
equation for its propagator are derived in the central
Sec. VI. Specializing to the case of proportional coupling,
the connection between the current kernel and the re-
tarded Green’s function is established in Sec. VII. There,
the Meir-Wingreen formula for the current is recovered.
There follow two sections where we apply our general for-
malism to the exactly solvable RLM, Sec. VIII, and to the
SIAM, Sec. IX. Since the RLM accommodates at most
one electron, interactions effects play no role here, and
the Dyson equation for the propagator is solved exactly
at the second-tier level. In the STAM in contrast, the
hierarchy of equations for the propagator does not close,
and approximation schemes are required. We show how
to recover within our formalism various common approx-
imation schemes for the STAM and discuss further a novel
infinite-tier scheme. Analytical results are then obtained
within a truncation of this scheme to the fourth tier, with
some additional simplifications. Finally, conclusions are
drawn in Sec. X. Some of the detailed derivations are
deferred to the appendices.

II. PATH INTEGRAL REPRESENTATION FOR
THE REDUCED DENSITY MATRIX AND THE
CURRENT

We consider the general transport setting depicted in
Fig. 1, where a central interacting region, with a num-
ber N of available electron states, indexed by ¢ or j in
what follows, is connected via tunnel coupling to non-
interacting fermionic leads, held in general at different
chemical potentials and/or different temperatures. This
general setting can describe molecular junctions [26, 27],
manufactured nanostructures, such as lateral quantum
dots [78], or other complex junctions [79].

The Hamiltonian of this transport setup consists of
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FIG. 1. General transport setting where a central interacting
region, the system S, is tunnel-coupled to several noninter-
acting fermionic leads with given temperature and chemical
potential.

three terms, corresponding to the partition in central sys-
tem (S) plus leads coupled via a particle exchange term,
and reads

H =Hg + Z €akclkacaka
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The central system part is left unspecified at the present
stage, being some function of the fermionic creation and
annihilation operators ag and a; relative to the single-
particle basis {|¢)} in S. It contains in principle interac-
tion terms which are quartic in these operators. Further,
for simplicity, Hg is assumed to be time-independent,
although the inclusion of time-dependent terms in a real-
time path integral formalism is straightforward [62, 80].
The second term is the free leads part with creation and
annihilation operators cL wo and Caro, Where o Tuns over
the leads, o is the spin degree of freedom, and k denotes
the kth electronic state in the lead . The third term in
Eq. (1) describes the exchange of particles between dot
and leads, with the energies t;or, giving the amplitude
of the tunnel coupling. In the continuum limit, denot-
ing with g,.(€) the density of states of lead « in energy
space, we set . . — > [ degas(€). Then, the tun-
nel coupling is characterized by the energy-dependent hy-
bridization matrix I'(¢) = >  T'w(€) whose elements are

[Ta()]ij =21 ) 0ao(€)tia()tfa(c) - (2)

A. Reduced density matrix and current

Let us denote with p the reduced density matrix
(RDM) of the central system. The RDM is obtained
from piot(t), the total density matrix, by tracing out
the leads degrees of freedom p(t) = Trieads|[ptot (t)], with
the time evolution of pyoy being governed by the evolu-
tion operator associated to the Hamiltonian (1). Since



we have assumed noninteracting leads, this trace can be
performed exactly in the coherent-state representation
using standard path integral techniques [70, 72]. We as-
sume for simplicity an initially factorized density matrix
prot(t) = plto) ® planas: Where pit g = @, o', with
the lead o in the grand-canonical equilibrium state at
a given temperature T, and chemical potential pu,, see
Fig. 1. The propagator J yields the matrix elements of
the RDM in the coherent-state representation at time ¢
according to

Ealp(t)lEs) = / PGP ET (€0 €t €0, B o), (1)
(3)

where pg g (to) = (§olp(to)|€). The Grassmann vari-
ables € = (...,€%...) and &* = (...,£™,...) have one
component for each electronic state which is defined by
a;€) = €11€) and (€la) = £ (€. Following the procedure
outlined in Appendix A, the propagator acquires the for-
mal, exact path integral expression in the coherent-state
representation

. & ¢,
T €y 160, Eont0) = /5 v [ e "

x eHISSE O-SIE DI F (e ¢ & 8)

where [ D¢ = fnle dé(ty)*d€(ty) and [DE =
[ TI, d(tx)*d€(ty) denote the sums over paths in the
forward and backward time branches, respectively, with
fixed end-points and K — oo. The action of the cen-
tral system is given by the time-discretized expression
(Ek = f(tk) and tk+1 = tk + (5t)

K
enSs(€7.6) _ H e 8k €ntéir— 7 Hs (€5 y1.€5)08
k=0
- 5)
erSS(E7.8) _ H e~ €k & e Erp T Hs (€5 &4 1)0t
k=0
with € (tg+1) = &, and &(txi1) = &  Due

to the trace over the leads, these paths are cou-
pled by the Feynman-Vernon influence functional [62]

F(&,6,€,8) = exp[®(£",£,&", €)] whose phase can be

given in the following symmetric form, see Appendix B,

BE" 6, € E) = /dt’/ |

&) g-(t' —1") &(t") + t) e
—&(t) gt (t' —1")- & (")~ (1) g ('
+E (1) g (' — ") E(t") +E(t) - gL (' —
—&(t) gt (t —t")- & (") € () g (' —t") - €
The correlation matrices g+ have elements

1 * e R
) =75 D tiakotiaro F2(e)e Fot (q)
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gij,+ (1

where f§(e;) = [1 + efaléar—ra)]=1 ig the Fermi func-
tion of lead o and f®(ex) := 1 — f¢(ex). As shown in
Appendix C, these matrix elements are the correlation
functions of the leads’ force operator.

The phase of the influence functional, Eq. (6), displays

tl t” t” t/
t < ’ T T t() T T f > {
t/ tl/ t” t/

FIG. 2. The elementary processes displayed in the phase of
the influence functional, Eq. (6): Each line joining a pair of
tunneling transitions represents either a creation/annihilation
or annihilation/creation process, giving a total of eight ele-
mentary processes. In the lower panel, the paths in the for-
ward (f) and backward (b) time branch are coupled by the
influence phase .

the eight fundamental processes involved in the transport
setup consisting of pairs of tunneling events, each creat-
ing or annihilating one electron in the central system,
connected by a fermion line. These processes are shown
in Fig. 2. A fermion line is mathematically represented
by the time-dependent part of the correlation function
calculated at the difference between the times of the two
events, see Eq. (7). To the two tunneling transitions cou-
pled by a correlation matrix g we attributed the product
of the two tunnel amplitudes with the appropriate Fermi
function, as given by the prefactors of g. As an example
of process in the phase of the influence functional, con-
sider £ (t')g;j,— (t' — t")&7 (¢""), which is one of the terms
generated by the scalar product in the first term of the
sum in Eq. (6). This is the forward process depicted in
the upper-right part of Fig. 2 and consists in the destruc-
tion of one electron in the state j of the central system
at time t” followed by the creation of one electron at a
later time ¢’ in the state 7. Note that this is actually a
collection of processes, as there is a sum over the leads
and their states in the correlation function. Likewise,
Eit Neij - — t")&7*(t") gives the creation of one elec—
tron in the dot at time t” followed by the annihilation
of an electron at a later time ¢ in the backward time
branch, see the upper-left part of Fig. 2.

As can be seen from Eq. (6), in the influence functional,
forward and backward paths of the individual degrees
of freedom are self-interacting and also coupled to each
other in a time-nonlocal fashion. The latter feature en-
sures that the Feynman-Vernon approach takes fully into
account the back-action due to the leads in the system
evolution.



B. Current

We define the particle current in lead [ as the expec-

tation value of N(t), the time derivative of the parti-
cle number operator of lead [. In the Heisenberg pic-

ture Ny(t) = D ko C;r/m (t)cike (t) so that, with the general
Hamiltonian in Eq. (1),

2 i

Ni(t) ==+ [Nie), Hb)|

i .
== =2 [Fikothr (Dai(®) = tinsal s (t)] -
iko
, ¥
The electron current I;(t) = —e(Ny(t)), where (N;(t)) =
Tr[N; () peot], assumes the form

T
1(8) =e3 3 [tk (el (D)) = tuno (a] (s (8)]
iko
=e2Re Trg[ A ()],

) ) 9)
where, using Oy (t) = UT(t,t9)OsU(t,to), we have de-
fined the system operator A;(t) as the following trace
over the leads

[Al (t)]u = _% ZtilkaTrleads [alclkaptot(t)} . (10)

ko

The system operator A,;(t) admits a path integral rep-
resentation similar to the one carried out for the RDM,
namely

(€. A€, = / P PE T (€€t €0, E 1) e, (1)

(11)
The current propagator is given by [63, 72]
o N & &
TH €&t Ete) = | De [ DE
&o &
x erlSS@O-SEOT (¢ ¢ O F(67.6,€.8) .
(12)

This expression is similar to that of the propagator for
the system RDM, Eq. (4), the difference being the mul-
tiplicative current functional

nEed=- [ wewk e

—gi4 (t —t")E()]

(compare with the phase of the influence functional given
by Eq. (6)). Here, the correlation matrices bear the index
I (which is not summed over) of the lead considered for
the calculation of the current, with g+ (t) =" 8a,+(1).
Moreover, there is one single time integral and the last
Grassmann variable has the time argument fixed at the
final time ¢ while the argument of the first runs from tq
to t. Finally, the structure of the integrand in Z is similar

to that of @, the exponent of the influence functional F
given in Eq. (6), except for the two constraints that fix
the nature of the last Grassmann variable, reflecting the
fact that the operator a;f is fixed in the calculation of A;,
see Eq. (10). In Appendix D, we show the connection
between the path integral expression for the current and
the Green’s functions.

C. Propagators in the occupation number
representation

For a system with N electronic states ¢ = 1,..., N,
we introduce the composite index n = (nq,...,ny) col-
lecting the occupations of the states in the occupation
number representation, with n; = 0,1 for state . The
anticommutation relation obeyed by any two Grassmann
variables yields the property [70]

/ds*d£{§*§,§*7g, 1}:{—170,0,0}. (14)

Note that £* and £ are independent Grassmann variables.
The definition of coherent states

N

€)= [t —¢ab)ios)

i=1

and the property of the Grassmann integrals, Eq. (14),
allow us to define the projectors that map the system
state from the coherent-state to the occupation number
representation. For example, in the case of a single elec-
tron state (N = 1) an element of the RDM reads in the
coherent-state representation

(€lp()IE) =poo(t) + por(t)€ + p10(t)E" + p11(1)E7E 3(15)
where we have used (0|¢) = (0|(1—£&a")|0) = 1—(0[¢[1) =
1 —¢(0[1) = 1 and (1]¢) = (0[al§) = (0[¢]€) = £(0[¢) = €.
The elements of the RDM in the occupation number rep-
resentation are then recovered by performing the Grass-
mann integrals

pr (t) = T )IT* (n) (€lp()[E) , (16)
where the projectors IT*(n) and II(n) integrate out the
Grassmann variables to the left and to the right of the
operator |0)(0|, respectively. Their definitions are

wo) = [age . wa) = [
o) = [age. = [ de.

as can be checked by applying the rules in Eq. (14) for
the Grassmann integrals. In the general case, the popula-
tions, identified by the occupations ni,...,ny, are given
by Pn (t) = Pnn (t) = Hb(n)H:(n) pab(t)7 where

(17)

) = [[Ww), W= [0 . 03)



The propagator for the populations in the occupation
number representation gives the population vector at
time ¢ according to

Prs () = Y i (£, 10) P (o) - (19)

n’’

Thus, the matrix element (n’,m) of the propagator is
obtained by fixing the initial state to p(tp) = |n)(n| so
that Pn// (to) = 5n“n~ Then

J"l"’l(t7t0> :Hb(n/)HZ(nl) /d2£0d250\7(527éb5t;EmESatO)

x (&o[n)(n[&)

(20)
where we use Eq. (15) to calculate the matrix element
of the RDM at ty in the coherent-state representation.
Equation (20) provides the recipe to obtain the propa-
gator in the occupation number representation starting
from the coherent-state path integral picture.

Likewise, the diagonal elements of the current propa-
gator in Eq. (11) are obtained as

the complex (Hermitian) conjugation for the Grassmann-
valued paths (correlation matrices), the phase of the in-
fluence functional, Eq. (6), can be expressed in the com-

pact form &(¢*,€,€",€) = f; ar’ fttol dt" F(t',t"), where

P ) == Y w&)gi — 6" gy

z,y,z==+1

The eight elementary processes comprised by the phase
of the influence functional are rendered by the sum over
the three binary indexes x,y, and z. As these processes
consist of couples of tunneling transitions, the expansion
in the tunnel coupling is given by the sum over the num-
ber m of pairs of transitions

j(ﬁ;fmﬁ%f;ﬁo) - Z j(m)(£Za£b7t;£Ové(§>tO> .
m=0

The term with 2m transitions (order m in T, cf. Eq. (2))
reads

y I &
TNE &t €0, &vt0) = [ Dithn [ De [ DE

m

JlI,n’n(tatO) :Hb(n/)HZ(n/)/d250d250\7l1(5275b’t;govégvto) S %

x (&oln)(nl€p) -
(21)

III. TUNNELING EXPANSION OF THE
INFLUENCE FUNCTIONAL

The influence functional couples the processes within
and between the forward and backward time branches of
the propagators. To move forward in the actual calcu-
lations, first we unify the two time branches in a single
one and then discretize the paths of the central system
in this unique time branch by expanding the influence
functional in the number of processes, namely in powers
of T, see Eq. (2). This expansion gives rise to a diagram-
matic unraveling of the propagator. The peculiarity of
the present approach is the parametrization of the paths
of S in terms of N paths of reduced density matrices of
individual two-state systems, one for each electron state
of the central system.

A. Diagrammatic unravelling of the propagator
from the expansion of the influence functional

Adopting the following notation

€t1 = Ev 5:% = _*7
ghi=g-, gli=g",
(22)
where the lower index identifies the time branch (sign
of the Fermi function) and the upper index performs

£ =¢,

-1
g1 =g,

Ehi=¢,

+1 _
g+1 =8+,

« ¥ [Ss(€7.6)—S5(€7.8)] Z HkaJp ’
Pm p=1

(24)
where P,,, denotes one of the (2m)!/(2™m!) possible ar-
rangements of 2m time indexes in groups of 2 with no rep-
etitions, meaning that two transitions at the same time
instant are not allowed. The symbol [ D{¢},, comprises
the nested time integrations over the 2m transition times.
Explicitly

t tam to
/D{t}m = / dtgm/ dtmel‘ . / dtl . (25)
to to to

In Eq. (24), we have introduced the Grassmann-valued
functions

N
Fu=—Y Y «lallegt— )7 €107
i,j=1x,y,z==%1
(26)
Thus, in the present time-discretized picture of the influ-
ence functional, the Grassmann-valued paths, which are
expressed in terms of a set of Grassmann numbers asso-
ciated to the specific time instants of the tunneling tran-
sitions, consist of individual transition at specific times
(the sequence of times being ordered). The nested time
integrals in Eq. (25) reproduce all the possibilities for the
sequences of processes. Finally, the sum over the set of
coefficients z,y, and z in Eq. (26) and the sum over the
system states, implicit in the scalar products with the
correlation matrix, produce the sum-over-paths.
To deal with the forward and backward paths with
a single parametrization, it is convenient to use a sin-
gle time direction for the two time branches depicted in



Fig. 2. In order to do so, it is necessary to make the
associations

£/¢
¥

creation/annihilation in S
(27)

annihilation/creation in S,

as suggested by Fig. 3.
The resulting diagrammatic notation is more compact

& - &b & ik &a
t < to > {
o GGG,
&0 e Sk &k &y

FIG. 3. Forward (non-barred) and backward (barred) Grass-
mann variables arranged in a single (forward) time axis with
reversal of the time direction for the backward branch. This
requires associating to £* the annihilation and to € the cre-
ation of an electron in the central system.

and the topology of the diagrams is different with re-
spect to the Keldysh formalism. For example, diagrams
displaying crossings in the Keldysh contour, as e.g. in
the seminal work by Konig et al. [47], can be crossing-
free when the time branches are collapsed in a single one,
as in the present treatment, see also e.g. [37, 81].

Two examples of paths, comprising two tunneling tran-
sitions each, are detailed in Fig. 4 where the Grassmann
variables associated to the transition times ¢; and t; and
contained in the functions Fy; are highlighted. Both pro-
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FIG. 4. Two examples of paths of an individual electron state
in the central system. The transition times and the corre-
sponding Grassmann variables {x = &(¢x) contained in the
influence functions, Eq. (26), are highlighted by red boxes.
Zeros and ones indicate the occupation of the state in the
forward and backward branches.

cesses in Fig. 4 fall in the class succinctly represented by
the only diagram generated by the first order term in the
expansion of the influence function, namely

AN (28)

As a further example, the 2nd order term in the expan-
sion of the influence functional gives

2
Z H Fr,1, = Fo1Fa3 + FaoFu1 + F31Fy0

SO O AN 4 T

where we provided a diagrammatic picture of the
three terms resulting from the sum over the permuta-
tions. Note that each function Fy; contains a pair of
Grassmann-valued (vector) variables and therefore the
functions F commute with each other.

IV. STATE-CONSERVING TUNNELING AND
DIAGRAMMATIC RULES

A. Diagonal hybridization matrix

The expansion in terms of the influence functions Fj;
given in Eq. (24) is very general and only relies on the
properties of Grassmann numbers. In the remaining of
this work we focus for simplicity on the case in which
the correlation matrices are diagonal in the basis {|i)} of
single-electron states of the central system S, namely

1 el —ie
(8.t (W)]i = 35 D Jtiake| P fE(er)eTm RS, (29)
ko

with g4 (t) = >, 8a,+(t). This implies that the paths
of the different electron states in S are correlated only
via the interaction term at the level of the system Hamil-
tonian and are otherwise independent. As a result, the
energy-dependent hybridization matrix of lead a, Eq. (2),
specializes to

[Ta(€))ij =27 Y Gac(€)|tiac (€)*5ij (30)

which is still state-dependent, i.e. not proportional to
the identity. Note that the hybridization matrices of the
different leads are simultaneously diagonal in the occupa-
tion basis {|n1,...,nx)}. Archetype examples of systems
to which Eq. (29) applies are the resonant level model
(RLM) and the single impurity Anderson model (STAM)
discussed in Secs. VIII and IX, respectively.

Due to the diagonal correlation matrices, Eq. (29), the
influence functional is factorized and the fermion lines
only connect transitions which change the occupation
of individual states. As a result, if no coherences are
present at the initial time tp, none will be produced at
later times. This is not true for non-diagonal correla-
tion matrices, where coherences can develop and couple
to the populations. This aspect is crucial for example in
the so-called spin-valve setup [82-86] and for interacting
nanojunctions displaying interference effects [44, 87, 88].

With the correlation matrices given by Eq (29), the



Grassmann-valued functions in Eq. (26) specialize to
Fr = Zf\;l F};l, where

i = Z —x (G5 (te — 01211107 - (31)

z,y,z==+1

The assumption of diagonal correlation matrices
allows us to establish diagrammatic rules for the paths
of individual fermionic single-particle states i and to
express the contribution of a composite diagram, involv-
ing different electron states, in terms of the individual
diagrammatic contributions and of a common phase
factor accounting for the interactions.

B. Parametrization for a single degree of freedom
(resonant level model)

Before considering the general case, we focus our at-
tention on an individual degree of freedom of the central
system S or, equivalently, on the simplest case of a spin-
less level coupled to electronic reservoirs, the so-called
resonant level model, see Fig. 15 below.

To this extent we notice that a single fermionic degree
of freedom is characterized, in the occupation number
representation, by the two values 0, 1, for the state being
empty or occupied, respectively. Thus, one can consider
the degree of freedom as a two-state system; the corre-
sponding time evolution of generic forward and backward
paths for such pseudo-spin, or qubit, is shown in Fig. 5.
Borrowing ideas from the path integral formulation of
the famous spin-boson problem [62], we conveniently col-
lapse the two-state paths on the forward and backward
branches into a single four-state path. Asshown in Fig. 5,
in analogy to the spin-boson nomenclature, we call so-
journs the states (0,0) and (1,1), and blips the combina-
tions (0,1) and (1,0). This is done under the assumption

n=-1__ ¢=-1

f—2 1 0 t 0w o
b 0 1 0 / < 1
n=-1 (=+1 5=+ (=-1_n=-1 10, 1l
80j. blip 50j. blip 50j. t (=+1 n=+1

FIG. 5. Blip/sojourn parametrization. Left — Forward and
backward paths associated to the occupation of an individ-
ual electron state with the corresponding collapsed, single-
branch path parametrized in terms of blip and sojourns (be-
low). Right — The time evolution now occurs along the four
sides of the square, whose corners define the four elements of
the density matrix of a two-state system. The red full dot
on the top-left corner denotes the starting (and final) state of
the path.

of instantaneous tunneling events that change the occu-
pation number of the electron states in S. A sojourn state
corresponds to having the same occupation of the elec-
tron state both in the forward and in the backward path,

meaning that the state is either empty (n = —1) or occu-
pied (7 = 41) in both branches. On the contrary, a blip
state refers to different occupation of the two branches,
namely occupied in the forward and empty in the back-
ward (¢ = 41) or vice-versa (( = —1), see the right panel
of Fig. 5. In the present case, since N = 1, we disregard
the state index i, and Eq. (31) reduces to Fi; — Fy,.

To proceed, we perform the integration of the Grass-
mann variables associated to the time instants between
transitions, as done explicitly in Appendix. F. This re-
sults in the phase factors related to the central system
S which are discussed below. The residual Grassmann
variables are the ones associated to the transition times,
as shown in Fig. 6 for a collapsed path which comprises
four tunneling transitions.

o G m G2 Up
t1 to i3 ta
—_— e f—— - —_—
5*(1 5(1 5*(2 Q2
—no¢1 —n1¢1 —n1G2 —n2G2

FIG. 6. Sequence of Grassmann variables associated to the
transition times of an individual degree of freedom of the cen-
tral system in the blip/sojourn parametrization, see Eqs. (22)
and (27).

A path of the electron state with 2m transitions start-
ing and ending in a sojourn, has m + 1 sojourn intervals
(10, - - -, Mm) and m blip intervals (1, ..., (n). The path
is thus uniquely identified by the corresponding sequence

7707<1a7717"'7ck777ka"'7Cma77m-

With the associations made in Egs. (22) and (27), to
this sequence of blip/sojourn indexes there correspond
the following sequence of Grassmann variables

! C1 —Ck Ck Cm
E*770C1’§*771C1’ T ’gfnkﬂik’g*nk@c’ T ’ffnmcm ’

as shown in Fig 6. To each transition to a blip state
(odd transition times tor_1) is associated the Grassmann

variable [52]“*1}:747271(1@ = g:f];:fle

to a sojourn (even transition times tg) is associated
[5%]9"%% = 55’“‘% o Grassmann variables at different
times are independent, otherwise a path with two Grass-
mann variables of the same type (e.g. creation in the
forward path) would yield a vanishing contribution due
to the property (£*)? = ¢2 = 0. Note that to a given path
there correspond different arrangements of the functions
Fy; (fermion lines) attached to couples of transitions.
From Eq. (31), and using (¢x)? = 1, according to the
type of transitions being involved at times ¢; and ¢; (blip-
sojourn, sojourn-blip, blip-blip, or sojourn-sojourn), the

and to a transition



function Fy; acquires one of the forms

(b—s)  Fopzy1= §S’”;,k<kf2k 20-1 5:727141
(s—=b)  Fop1m= figﬁ_lckf%—l 21 597,141 (32)
(b—=b) Fopro1 =€5" 121 £25
(s —s) Fopor = €% - fonar €,
where
forai—1 = m-1G 875t (tar — tar—1)0¢, ¢,
fok—121 = MG 85 (tak—1 — t21)0c, ¢, (33)

fop—12-1 = m-1G &5 (ton—1 — ta—1)d¢,,—¢,
foror = mG g5 (tak — ta1)0c,,—¢; -

Equation (32) is the combined result of the
parametrization of the paths shown in Figs. 5 and 6 and
the form of the influence functions in Eq. (31). This re-
sult is essential to establish the diagrammatic rules dis-
cussed in the next section once the residual Grassmann
variables are integrated out. The following scheme clari-
fies the associations in Eq. (32) in the case m = 2

b—os b—os b—s b—b s—s

b bt b Ty T T bt by

(34)
Besides depending on the influence functions F%;, the
propagator also depends on the action of the central sys-
tem Ss(€*,€), see Eq. (4). Upon integrating out the
Grassmann variables between transitions, this action pro-
duces the phase factors by; associated to the influence
functions in Eq. (32). For a central system with a single
spinless level of energy e these phase factors are schema-
tized by

(b —s) o~ wie (t2k—t2-1)

b el
(b—b) e~ HGie (tan—1—t2r—1)

(s >s) etnbe(tae—ta)

Note that the sign of the exponent is determined by the
state (blip/sojourn) from which the fermion line departs,
see the scheme (34). Applying Eq. (20) to the propaga-
tor order by order, Eq. (24), we are left with the follow-
ing expansion of the propagator for the populations in
the resonant level model: J,,(t;5t0) = > oo, Jéf:;)(t; to),
where

(m)p.p Y —
Ty (Et0) = Z

paths,,

/ D{t}n S Bu(P)®,u(P) . (36)
P

Here, the sum over the permutations P accounts for the
different ways in which the fermion lines can connect m
pairs of tunneling transitions within the path joining the

two sojourns n and 7', see Eq. (34). The central system
and influence functional part are given by

B, (P) = H bk, 1, »
(U (37)
©,(P) = [ D&} [[ Py,

respectively.

The sum over paths in Eq. (36) amounts to summing
over the possible values of the intermediate blip and so-
journ state with 2m tunneling transitions. For example,
in the case m = 2

Z = Z n G n

paths, C1.m1,€2

(38)

Finally, the symbol [ D{¢},, performs the integration

over the residual Grassmann variables associated to the
2m transition times

/ D{e} = / [T(-Gom)de= e . (39)
k=1

The factors —mni(r in the above integration mea-
sure reflect the non-commuting nature of the sym-
bols df¢ and are introduced to keep track of the

order in which the Grassmann-valued coordinates
appear originally in the integration measure, i.e.
[T, PE(tr)dPE(ty) = T, d€* (tr)dE(t)dE™ (tr)dE(t),

with the s-numbers to the left within the two classes of
forward and backward variables, and with the backward
variables to the right of the forward. This is exemplified
in Appendix G.

C. Parametrization for N degrees of freedom

Due to the diagonal hybridization matrices introduced
in Sec. IV A, the influence functional factorizes in the
product of functionals for the individual electron states
i, or, equivalently, the phase of the influence functional,
Eq. (6), is the sum over the electron states i. As a re-
sult, the above description of the resonant level model
generalizes in a straightforward fashion to N electronic
states. In this case, the populations are identified with
the string of sojourns associated to the different electron
states via the vector index n = {n‘}, with the correspon-
dences n; =0 <> n' = —1 and n; = 1 <+ n* = +1. The
propagator for the populations now reads Jym(t;to) =

S Jim (t;to), where

m=0 “n'n

(m) gy y
T (G t0) = Z

paths,,

o0 TTE B (P95, (P
i Py

(40)



with ), m; = m, and where

Bfm (P) = H b}‘cp lp >
=t - (41)
&, (P) = [ (& [] i,

The sum over the permutations P; accounts now for the
different ways in which the fermion lines can connect m;
pairs of tunneling transitions within the same path, that
of the electron state 3 joining the two sojourns n’ and nil.

While the influence functions ®f, depend exclusively
on the path of the individual state i, the phase factors in
Bin couple the paths of the different states via the inter-
action. Specifically, the constant single-particle energies
€; turn into the path-dependent energies F;; they de-
pend on the instantaneous states of all degrees of freedom
{n’},, during the time interval 7, between consecutive
transitions, not necessarily of the same electron state.
For example, assume that a fermion line associated to
the state ¢ departs form a blip state at time ¢; and en-
compasses W intervals with ZZV Tn = tx — t;. Then the
corresponding phase factor reads

w
?cl = H e_%ClEi({n}n)Tn , (42)
n=1

which reduces for a noninteracting system to

w
;‘Cl _ H e~ wCiETn _ ompiei(te—t) (43)

n=1

Thus, in the noninteracting case, the integrand in
Eq. (40) is actually factorized in the system’s degrees
on freedom.

Finally, the sum over paths in Eq. (40) now takes into
account the different possibilities to distribute 2m tran-
sitions among the paths of the N individual states 7 con-
necting the initial and final sojourn states n and n’ with
Do mi =m.

To exemplify how these phase factors and the sum-
over-paths work in the case of a multi-state system
(N > 1), consider the case of the STAM. As it describes
an interacting central system which is a single, spinful
level, we have N = 2 and i = 0 = 1,{, cf. Eq. (147)
below. In this specific case, denoting with ¢ the opposite
spin state with respect to o, the energies associated to
the spin ¢ in the phase factors read

Eq(n) =e; + (1 4+1)U/2
E, =e, +U/2

(bhp. bO_].). (44)
(blip — blip) ,
Thus, for example, if the path of & is in a sojourn state
with n = +1, then E, = ¢, + U: This is the addition
energy to be payed for adding a further electron to the
dot. The presence of the term U/2 in the second line
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of Eq. (44) implies that overlap of different fermion lines
can produce the energy U according to the relative sign
of the index (, see Appendix F for details. In Fig. 7 an
example which shows the energies F, is provided for a
path with two transition for each spin path.

The sum over paths with 4 transitions connecting the

FIG. 7. Path-dependent energies in the STAM. The energies
E, in the phase factors, Eq. (42), associated to the over-
lap of blip and sojourn of the two electron states o = 1,]
are E5(n) = €; + (1 + n)U/2 for blip-sojourn overlap and
E,; = e¢x + U/2 for blip-blip overlap. The time axis is divided
in 5 intervals 7 separated by 4 tunneling transitions (m = 2)
distributed between the two paths. The phase factors descend
from the action of the central system, see Egs. (4) and (5), af-
ter integrating-out the Grassmann variables between the tun-
neling transitions.

populations n = (n',n*) and i’ = (’7, n'*) is given by

o o=

paths,

2 —

SN

ot ocs

(45)

Note that if 77’i # nt, then the uppermost line of Eq. (45)

does not contribute to the sum -over-paths. The same

holds for ¢ =71 and the bottom line. If initial and final

sojourns, 17 and 7', differ for both spin states, then only
the central line contributes to the sum.

Finally, the Grassmann variables and blip/sojourn in-

dexes in the symbol [ D{},,, acquire the state index 4

[t = | T cinbae s} el o o)

cf. Eq. (39).
Using the parametrization of the paths in Fig. 6 for
the individual degrees of freedom i and the integration



measure in Eq. (46) for the residual Grassmann variables
associated to the transition times, we are able to auto-
matically carry out the integrations over these variables:
The result is simply an overall sign given by the anticom-
mutation property of the {’s, as detailed in Appendix F.
In other words, we find from Eq. (32) the simple form

o, (Pi) =sgnp, [ [ cink [T 5,1, - (47)
k=1 p=1

where sgnp, is an overall sign given by the integration
over the Grassmann variables associated to the transi-
tions. This sign depends on the order of the transi-
tions, and thus on the permutation P, due to the non-
commuting character of the Grassmann variables. Im-
portantly, Eq. (47) allows us to establish diagrammatic
rules, whereby the explicit form of the functions f;; is ob-
tained by just looking at the arrangement of the fermion
lines in the associated diagram, cf. Eq. (33). The dia-
grammatic rules are summarized below.

D. Diagrammatic rules in the time domain for the
individual electron states

Once specified a path of the full system with 2m tran-
sitions, the individual influence functions (I)ini, Eq. (41),
are the sums over the different arrangements of fermion
lines f, connecting 2m; transitions, where Yo, mi = m.
Each of these arrangements of fermion lines constitutes a
diagram relative to the state i. In this section we estab-
lish diagrammatic rules individually for each state. This
is convenient because, since the Pauli exclusion principle
applies separately to the different states in the central
system, the overlap of fermion lines yields different dia-
grammatic contributions according to whether the lines
involve the same or different electron states. Diagrams
relative to different states are then coupled by the phase
factors in B}, , see Eqs. (41) and (42). Each diagram-
matic contribution B}, (P;)®, (P;) to Eq. (40) consists
of (from here on the state index 4 is understood)

e The overall sign (—1)™ <ossings due to the inte-
gration of the Grassmann variables in ®,,, see
Egs. (32), (41), and Eq. (47).

e The product [[;;(—Cknk), from the normal or-
dering of the Grassmann integration measure, see
Egs. (39) and (46).

e The product of the functions fy;, Eq. (33), repre-
senting the fermion lines which connect two tunnel-
ing transitions, times the corresponding phase fac-
tor by of the central system, Eqgs. (35) and (42).
To each fermion line is associated the constraint
on the (’s connected by the line, according to the
scheme in Eq. (33).
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Below we show examples with m from 0 to 2. More
examples, with higher order diagrams, are shown in Ap-
pendix H. For m = 0 there are no tunneling transitions.
Hence

0) ———  dyy (48)

For m = 1 there is only one fermion line connecting two
tunneling times

49
=(=Gim) noC1g_s! (ta — t1)bay 49)

=n'n [—g:gl (t2 —t1)]ba1 -
Here we used ((1)? = 1 and identified g = 7 and 1, = 7’.
The full dot in the above diagram indicates the vertex,

here associated to the transition from which the fermion
line departs. Analogously, with m = 2

(2a) M0G1 mé
(+1)CimiCanz faibaifazbas
= CimGanz Mg~y (ta — t1)bay
X M1G2 g:fﬁ (ts —t3)bas
=n'n [—g75 (t2 — t1)]ba1 [—g 52 (ta — t3)]bas ,

(2b) ﬁ

oG G

(50)

(+1)¢imCamz fa1baifsabsy
= CimiCanz MG 875 (fa — t1)bar
X Cimy g5} (ts — t2)b3adey ¢,
= 1'10¢,.¢ [~875 (ta — t1)]bar [~g5 (t5 — t2)]bsz |

(51)
(2¢) 11 3\

¢ CGim

(—=1)¢imCana f31b31faabas

= QmGanz MGt 8-5. (ts — t1)bs
X Cimy g (ta — t2)babey, —c,
=/ [—g=5 (ts — t1)]ba1 [—8S! (fa — t2)]bazde, —¢, »
(52)
where we used (1(20¢,,—¢; = —0¢,,—¢, -

Noticeably, for all second-order diagrams, the product
of the inner sojourns and blips results in a factor +1.
Multiplication by internal sojourn indexes emerges as we
go to higher orders and overlap of more than two fermion



lines. This is exemplified by the following diagram of
order m = 3 (see also the complete list in Appendix H)

o L7\

nCt Gm me

3
H —Crmi) oG 825 (6, 1)ber Cimest (5,2)bsz  (53)
k=1

X m CQg:ni (47 3)b436C37C1
= n'mminz [—g_5 (6, 1)]be1 [—g5} (5,2)]bss
X [ g_% (473)]}3436(3’(1 )

where, for the sake of compactness, we set gty — ¢;) =
g(k,1).

By applying the above rules we notice that the multi-
plicative factors ¢ are always compensated by the product
[Ti~, (—=Ckmi) and by the constraints d¢, +¢, contained in
the functions fy;, Eq. (33). The multiplicative sojourn
indexes are instead compensated solely by the products
Gm or mi—1(; associated to each departing line (i.e. to
the vertexes). As a result, each diagram presents, as a
multiplicative factor, the product n’'n of the last and first
sojourn indexes times the product of the n;’s of the in-
ternal sojourns which are not compensated, i.e. the ones
with zero or two departing lines.

We are now in the position to set the diagrammatic
rules for the individual states (to a full diagram will
correspond the product of the diagrammatic contribu-
tions from each state, see Eq. (40) and the examples in
Sec. IVE). To each diagram we associate

1. An overall sign (—1)%- crossings,

2. A sign given by the products of the non-
compensated ¢ indexes (namely the ones of the blip
states with zero or two vertexes) times the corre-
sponding constraints. For example (x(id¢, —¢, =
—0¢,,—¢; and (x(i¢,.c, = O¢y ;> (because ¢ = +1).
These constraints make the corresponding sums in
the sum-over-paths collapse.

3. The product n'n times the product of the non-
compensated 7 indexes, namely the ones of the so-
journ states with zero or two vertexes.

4. The products of the correlators —g¥(t;, —t;) and the
associated phase factors by; of the central system
for each fermion line.

To exemplify this, we consider the following 3rd-order
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diagram

5(2(1 6(3,*@

(54)
nG Gm mG
— n/nmnal—g =5 (4, 1)]bay [—g5! (6, 2)]bez
X [7g—7]1 (57 3)]b536C37—C1 6{%(1 )
where, as in Eq. (52), we used (1(36¢,,—¢;, = —0¢5,—¢y -
Another example is given by
0¢sct 0cacy 0caco
(55)

n¢t Gm mé

— ' mmna[—g =5 (4,1)bar g5 (5,2)]bsa
X [—g,m (673)]b635C37C15C27C1 )

where we used (1(39¢,,¢c;, = 0¢s,¢ -

By inspection of the diagrams in Egs. (53)-(55), one
sees that none of the correlators g bears the index 7. If
also the phase factors by; do not depend on 72, as e.g.
in the case of the resonant level model, or in the non-
interacting case, see Eq. (42), then by performing the
sum over paths the diagrams with this topology vanish
collectively due to the sum over 72. A similar argument
holds for all the diagrams with more than two overlapping
fermion lines of the same state ¢ because overlap of more
than two fermion lines entails the presence of sojourns
with no vertexes. This means, in particular, that:

e The exact propagator for the resonant level model
is reproduced by the diagrams with at most two
overlapping fermion lines.

e For the non-interacting spinful level the exact prop-
agator is reproduced by the diagrams with at most
four overlapping fermion lines, of which no more
that two can belong to the same spin.

These results are in agreement with what has been
proved using a Liouville space approach in [45].

E. Diagrams for N-state systems

A full diagram for N > 1 and with diagonal hybridiza-
tion matrices is given by the arrangements of fermion
lines, with some fixed topology, connecting the transi-
tions within the paths of the individual system states
1. As an example, consider again the STAM. A so-called



crossing diagram (m = 2, with crossing fermion lines)

N Y o0

can be obtained in the following ways

The diagrammatic rules developed in the previous sec-
tion are thus applied to the two states o = {1,{}, ac-
cording to how the fermion lines are distributed among
these electron states. The resulting integrand in Eq. (40)
is given by the product of the contributions from each
state. Also, in the interacting case, the phase factors bf;,
see Egs. (42) and (44) and Fig. 7, depend on the details
of the paths of both states simultaneously. For example,
the second diagrammatic contribution above is evaluated
as

/]\
1
_ _
"0ttt [—eZ 5 (s — t)]b, (g7 L (ta — t2)]bi, |
(58)

with

7

bgl :e*%CIET(ﬂU(b*tl ef%ClTEﬂts*tz)
. . , 59
b, e Bt —t2) o= TEL () (ta—t) (59)

with E, = ¢, + U/2 and E,(n) = ¢, + U/2(1 + n),
see the scheme in Fig. 7. In the absence of interactions
E,,E.(n) — ¢, and therefore bgl — exp[fiCIeT(tg —
t1)/h] and bY, — exp|—iCie, (ty — t2)/h)], as in Eq. (35).

As an application of the diagrammatic rules developed
in Sec. IVD to the SIAM, let us consider the three dia-
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grams whose fermion lines involve both spin states

The multiplicative factor 77; is brought by the overlap
of more than two fermion lines of the same spin state.
Consider the noninteracting case. While (A) contributes,
the diagrams (B) and (C) vanish collectively once the
sum over paths (specifically over 77; ) is performed, as
the phase factor B in the propagator is independent of
the sojourn indexes, see Eq. (42) and Fig. 7. In the
interacting case, (C') contributes because there is a phase
factor associated to ng due to the sojourn-blip overlap,
while (B) is still vanishing, as the sojourn-sojourn
overlap does not contribute to the phase factors, see also
Ref. [45].

V. GENERALIZED MASTER EQUATION FOR
THE POPULATIONS AND THE CURRENT

In the absence of time-dependent driving, the propa-
gator has time-translation symmetry. It is therefore con-
venient to Laplace-transform the population propagator
order by order and obtain a generalized master equation
(GME) for the populations and an integral equation for
the current. The kernels of these equations are related to
each other and, in turn, connected to the Green’s func-
tions. This connection will be elaborated in Sec. VII. In
the following, we indicate as f(\) = fooo dt exp(—At) f(t)
the Laplace transform of a function f(¢).

A. GME for the populations

Due to the nested time integrals in the definition of
J(™)  Eq. (40), the reducible contributions, i.e. the ones
that can be cut by a vertical line not crossing any fermion
line, factorize in Laplace space. For this reason, the
populations and current kernels collect the so-called irre-
ducible diagrammatic contributions, the ones that cannot
be cut by a vertical line not crossing any fermion line.

Using Eq. (48), the zeroth-order contribution to the



propagator is

T (£0) = by (61)
and its Laplace transform reads

(0 1

Tam) = S0un - (62)

Let us denote with 79 the set of sojourn indexes as-
sociated to all states except ¢, namely

n = (.7t

and set the initial time ¢y = 0. The term m = 1 contains
two tunneling transitions. This implies the change in
the occupation of one state at most. Thus, the first-
order propagator has composite indexes ' and 7 that
differ for at most one entry. The resulting first-order
propagator can be readily calculated according to the
definition, Eq. (40), and the diagrammatic rules set up
in Sec. IV D, yielding

Ji(;0) Z/ dtQ/ dtlze"

g

xn'n'[-g

() (t2—t1)

Ci(t2 — )]0y e -

(63)
If, for some i, n’* # n’, we have n''n® = —1 because
n = +1. Moreover, the sum over ¢ collapses to a single
term due to the constraint 6, ), . Taking into account
Eq. (61), this implies that, up to first order,

T (£;0) =1 — ZJ(" #1010

in agreement with the conservation of the total probabil-
ity.

Let us introduce the irreducible kernel of order 1 using
the explicit form for the correlator, Eq. (29),

Kﬁl) II7fJn j{: e #C B ) —exlr
iCtako (64)
tiako
X %f i (€k) 0, ey
where we singled out the prefactor [[; nni = +1, com-

mon to all orders (see the diagrammatic rules), by ex-
ploiting the property that when two sojourn indexes are
the same they contribute as (n?)? = 1. In Laplace space,
the first-order propagator acquires then the form

N 1. 1
JUN () =2K0) ()1 (65)
) )
with
. N ~([tiano[*/1?) £, (€x)
Knpn ) =10 3°

j=1 iltako
(66)

A+ ICTE (@) — e /A7
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If, for some i, n'* # n’, then the prefactor is —1 and the
sum over 7 collapses to a single term, as for the first-order
propagator. This entails that, from Eqs. (63) and (65),
the diagonal elements of the irreducible kernel are related
to the off-diagonal ones by

=2 KT

Since, as we show below, the rates I@;l,)n (0) are the steady-
state rates of the master equation for the populations in
the sequential tunneling approximation [34], Eq. (67) is
consistent with the conservation of the total probability.

Higher-order contributions can be calculated as well
according to the diagrammatic rules given in Sec. IV D.
The 2nd-order contribution to the propagator for the
populations is the sum of the three classes of diagrams
in Fig. 8. The first is a reducible diagram and in Laplace

N NN AN AN

FIG. 8. The three topologies of 2nd-order diagrams. Each
fermion line can belong to each of the N states of the central
system S. The first diagram is reducible while the second and
third are irreducible.

(67)

space is the product of two lower-order diagrams
1
/\ Z ’Cn n”

D (V)=

3

Here, the internal sum over 1 has been singled-out, al-
lowing for the use of the matrix notation

7@

Favaw, | n (68)

) (69)

The full propagating function J @ in Laplace space, ex-
pressed as the sum of the three diagrammatic contribu-
tions shown in Fig. 8, is given by
(1) (1) = (2)
~(2) 1K (N KN K (W)

S . 70
TTN =117 Tt | (T

where the irreducible kernel of 2nd order IAC(Q)()\) is the
sum of the two 2nd-order irreducible diagrams in Fig. 8
(the second and the third) in Laplace space. As discussed
in Sec. VI below, these contributions can be written as
the contraction of a matrix block with a vertex, as in
Eq. (66), with the difference that the block has now in-
ternal processes. The same applies to higher-order irre-
ducible kernels leading to the final Eq. (97) below.
Going to the 3rd-order propagator, it collects the con-
tributions from the 15 diagrams listed in Fig. 9 where, in
order to give a compact visualization, we introduce the

symbols
T X

(71)



FIG. 9. Compact representation for the 15 third-order dia-
grams. The five diagrams in the left column are reducible
and can be seen as combinations of the first- and second-
order ones, see Fig. 8. The ten diagrams on the right are
irreducible and their explicit forms are the same as the ones
listed in Appendix H for an individual degree of freedom of S.
The lower-right class of diagrams vanishes when each of the
three fermion lines belongs to the same state.

and

3 ——+><+>< (72)

The crosses have the role of exchanging the fermion lines
to produce the different topologies of diagrams. In the
first column of Fig. 9 are listed the reducible 3rd-order
diagrams that can be obtained by combining the two 2nd-
order irreducible diagrams in Fig. 8 and a 1lst-order one.
The second column of Fig. 9 lists the irreducible dia-
grams divided for convenience in the two classes with
overlap of two and three fermion lines. Irreducible dia-
grams containing n overlapping fermion lines are called
n-tier diagrams.

Along the same lines as with the 2nd order, we can
write the 3rd order propagating function in Laplace space
as the sum of products of lower-order irreducible kernels

plus the irreducible 3rd order kernel K(S)(A)

5@y _1 <20\ &0 €20
()_X h\ A WY
(), () (3) (73)
%0 kY kY
h hy x|

where KZ(3) (M) collects the irreducible 3rd order diagrams
in Fig. 9 (the ones in the second column).

At this point we are in the position to derive the for-
mally exact GME for the populations and the current.
The exact propagator is obtained by summing over all

15

orders m the mth-order propagators as follows

Kmm 3 me ﬁ%M K®Q)
+<A>+2A T T
1 & k:(l)()\) k,@)()\) m

:Ag;< x T )
& (kW)
—A;J(A)
N —1
:[Al—ic(x)} ,
(74)

where we introduced the kernel
Z £ (75)

which collects all the irreducible contributions to J.
From Eq. (74), AJ(A\) —1 = K(A) - J(A). By trans-
forming back to the time domain, this implies that J is
the solution of the following GME

d
It =

t

/ It — ) - J() (76)
0

According to Eq. (19), the populations are obtained by

multiplying the above matrix equation by P(0), the pop-

ulation vector at the initial time ¢ = 0, which results in

— /t dt' Kt —t') - P(t') . (77)

The asymptotic populations are the solution of the equa-
tion 0 = IKC(0) - P>, which is obtained upon apply-
ing to Eq. (77) the final value theorem f(t — o0) =
limA*)O )\f()\)

B. Integral equation for the current

In the present situation of diagonal hybridization ma-
trices, the current functional Z;, Eq. (13), entering the
expression for the current through the lead ! via Eq. (12),
specializes to

T €8 = /dt 6 (2t — 16 ()]

1zyz

X 0z,-10y,41 .



The current functional has thus the same form as the
phase of the influence functional except that there is no
integration over the time of the last tunneling transi-
tion and there are constrains on the contributing pro-
cesses. This entails that the diagrammatic unraveling
of the current propagator, obtained by expanding the
influence functional as a series in the tunneling transi-
tions, goes along the same lines as the one for the pop-
ulations. The differences consist in the last fermion line
of the diagrams bearing the constraints associated with
the current and the nested time integrals missing the in-
tegration over the last tunneling time. The expansion
of Jl{n,n(t,to) starts from m = 1 because, not being at
the exponent, the current functional adds two additional
transitions to the ones generated by expanding the in-
fluence functional. This also implies that, if there are
no coherences in the initial state of the system, then also
the paths contributing to the current start and end in so-
journ states. The current propagator, in the discretized
picture and in the occupation number representation, is

then Jl{n/"(t; 0)=>°_ Jllilmn) (t;0), where

I(m 7 i
a0y = 3 [0, T B (P}, (P)
paths,, i P
X constraints ,
_ _ (79)
with ), m; = m and B;,, and @], defined in Eq. (41).

To order m there are 2m tunneling transitions, as for
the populations, however in the case of the current the
last transition occurs at the final time ¢, yielding the
definition

t tam—1 ta
/Dl{t}m 2:/ dtgm_l/ dtgm_g' . / dtl .
to to to

(80)
Going to the details of the constrains in the current cal-
culations, they can be read-off from Eq. (78). The first is
that the correlator of the last fermion line is not summed
over the leads but has the index [ of the considered lead.
Further, according to Eq. (32) the Grassmann variable
associated to the last transition (the paths start from
and land in a sojourn) is of the type gﬁ’n,c,. Then,
the constraints in Eq. (78) translate into ¢/ = —1 and
—n'¢’ = +1, which imply d,/ 41, namely the last sojourn
of the degree of freedom i associated to the last transi-
tion has to be +1. Summarizing, the current constraints
on the last fermion line are

e The last fermion line is specific to the lead [ so that
there is no contraction over the lead index o’.

e The index ¢’ of the last fermion line is constrained
to be ' = —

e The final sojourn of the state i associated to the
fermion line making the last transition must be
7" = +1 (the sum over i accounts for all possible
processes).
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Examples of paths that contribute to .A; with associated
fermion lines are shown in Fig. 10.

FIG. 10. Examples of irreducible diagrams contributing to

A;. The sojourn of the degree of freedom i associated to the
A

last transition is constrained to be n* = +1.

The explicit expression for the term m = 1 in the ex-
pansion of the current propagator is

I ()
(o =TT 3 [ oo

X [_g;E;]'i (ta —t )]57,/(1)7,(1)50,—1577/1,“
(81)
(cf. Eq. (63)). In Laplace space
~I(1) < I(1) 1
FACYE ROVES (52)
N | o1 (m)
Let us denote with IC; (A\) =3, I, (A) the sum of

all the irreducible diagrammatic contributions to Al()\)
with the last fermion line satisfying the constraints given
by the current functional. Note that the reducible con-
tributions to A;(\) are products of ordinary irreducible

kernels KC(\) with only the last factor of the type k:ll (N).
This is because only the last fermion line bears the con-
straints of the current calculation. Then we find that
the exact current propagator is the following sum over
all orders m of the m-th order propagators

-(1) o(1) SR
1+K(M+<K(M>+K

AN =—3 ) ) )
-(1) 3 1) )
+<K;m>+wa x;m+

=K, (\) - [M - K(A)] B
=K/ (N TN
(83)
or, in the time domain
Ai(t) = /t dt' Kjt—t)-J(t') . (84)
0

Similarly to the steady state-populations, the steady-
state current is found by applying to Eq. (83) the final



value theorem, which results in
I = e2Re Trg[A]°]
= lim e2Re Tr K] () - AT (V)]

= e2Re Trs[lC (0) - J]

== 62Re Z’CZW'TI(O)P;C 5
n'n

where we assumed that the matrix elements of the
asymptotic propagator J° are independent of their col-
umn index, i.e. that the steady-state populations are
independent of their initial values. In other words, in the
asymptotic propagator matrix each column is equal to
the asymptotic population vector.

VI. EXACT FORMAL EXPRESSION FOR THE
KERNEL

A. Block structure of the irreducible kernel

The diagrammatic contributions to the populations
and current propagators display an exponential depen-
dence on time, cf. Eqgs. (29) and (42). This feature and
the nested time integrals enable one to express the ir-
reducible kernels in Laplace space as the contraction of
products of blocks - each equipped with a matrix struc-
ture - with an initial vertex. The simplest example is

provided by the first-order irreducible kernel K(l)()\) in
Eq. (66), which can be rendered by the contraction of the
product of two matrices, associated to an initial vertex v
and a block h(\) which encompasses a free fermion line,
respectively, see Fig. 11.

Fal

tq to

FIG. 11. TIrreducible diagram of order 1. The vertex v is
denoted by the full dot. The two ends of the fermion line are
contracted, namely the indexes (%, «, k, and o are summed
over. The time interval t; — ¢; is a blip only for the state
associated to the fermion line. Note that the states ¢ are
summed over in contracting the fermion line, see Eq. (90).

The matrix blocks are indexed by the state index ¢ and
the associated collective index

= (t (@)
X = (C y &y ka a,mn ) (86)

[

which includes path and leads variables (note that the
components of y depend on the state ¢). The scalar
product between two generic blocks A and B is given
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[A-BJif, = > [A]LS #[BlLA, - (87)

Z‘//X//
We denote by the symbol (-) the contraction of a matrix
block C with an initial vertex v_ The contraction

consists in summing over the initial and final index &
and k', cf. Eq. (86), namely

- Z[C];?Xvi_ni (K) . (88)

K'K

)
(C- Vi) )

As a result, the first-order kernel in Eq. (66) can be writ-
ten as

K Hn”nj Z

which is the contraction of the scalar product

/(1 In(® (89)

<h(>‘) TV 1(7. n® — Z Z *ni]ix'éx .
Kk ix"
(90)
Here, we have defined the matrix blocks of elements
V], = . 5iri6
XX TANHICEMD) — e /hTXX
i'q |t U(ek)| 91
[V ]x x = mhifin (€1)0iri0x'5 (01)

= Vii:ni (n)éiri(SX:X

Graphically, the vertexes vy are associated to the two

processes

i Vini s (92)
with the + sign of v being established directly by the
form of the influence functional. Note that, since we deal
with the population propagator, the paths start and end
in sojourns, thus the initial vertex is always of the type
v_y. In all diagrams, the two ends of each fermion line are
contracted in this way. Analogously, the matrix element
of the irreducible current kernel of first order KZI(I (A)
reads

N
L I(1) . i
(K (Ngm = H UM Z677”’,4»1<C;h()\)'v*ni>n/(i')n(i) )
j=1 i’
(93)
where ¢ := d¢/i 10471, 50 that
-/ . 6 i 6 l
Th(\)]7E = T SR R 8iri6, s 94
[Cl ( )]x X )\+i<l[Ei(n(l)) _ ek]/ﬁ XX ( )

cf. Eq. (91).
Going to orders higher than the first, consider the



FIG. 12. Irreducible diagrams contributing to J®. A vertex
is denoted by a full dot. The two ends of the lines connecting
two blocks carry path indexes that are summed over in the
connection. The first block is contracted with the vertex v
and the right end of the last block is also contracted.

K7

1K ~i'K
(4) _Q- 77/( ) ) —E_ n/( )

FIG. 13. The free propagator, bubble, and crossing blocks
involved in the diagrams of Figs. 11 and 12.

h B

. — o~ -
1K 7 MK

n(i) - - n(i)

four-transition diagrams of Fig. 12: The time slicing
yields a block-product structure in Laplace space. The
blocks are shown in Fig. 13. Each of them is a matrix
with state indexes 7, j and the two collective indexes x’
and x that specify the path and lead variables according
to Eq. (86).

The sum over paths is performed automatically by the
matrix multiplications implied by forming the diagrams
from blocks which, in turn, possibly contain internal pro-
cesses. The simplest examples of the latter are given by
the bubble and crossing blocks, B and X, of Fig. 13. The
irreducible kernel of order 2 in Laplace space acquires the
following expressions in terms of the blocks defined above

?ﬁ)
3/-\
3\/

-1 oy [

~h(X\) - v_

)+ X(A)] )

.

> i
UNETICOP IO

The bubble and the crossing shown in Fig. 13 consti-

hy

o0

%

Notice that, for simplicity, the diagrams and the cor-
responding formulas above them are both ordered from
left to right here, at variance with the convention used
throughout the text, where formulas are ordered from
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tute the building blocks of the important resonant tun-
neling approximation (RTA) [47] in which diagrams with
overlap of more than two overlapping fermion lines are
neglected, see Eq. (106) below. The 3rd order irreducible
kernel, within RTA, reads

) + X(A)} “h())

Hn”nj Z [

: [B(A) + X B V)

(96)
Including in a formal way the contributions beyond-RTA
and the higher-order irreducible diagrams with overlap of
arbitrarily many fermion lines, we obtain a picture where
the kernel results from contraction of a dressed block, the
irreducible propagator ¢, whose definition is the object
of the next section.

B. Diagrammatic unraveling of the kernel

The sum of all irreducible diagrams can be obtained
by contracting with an initial vertex the dressed block ¢
which gives the exact kernel according to

H WL

/“’>n<> SNl

The irreducible propagator ¢ can be seen as a block with
an incoming and an outgoing fermion line, similar to the
ones shown in Fig. 13, dressed by processes of all orders.
Using the notation introduced in Sec. V, with the boxes
that permute the fermion lines numbered according to
the number of overlapping lines, we can give the following
(symbolic) exact expression

(vSs) ho (vSs . ) hy N ) hy
— g —_— e
(=)D D

(98)

right to left. This formal unraveling of the propagator
constitutes a main result of the present work. It system-
atically encompasses the truncation schemes based on the
order in I' (e.g. sequential tunneling and cotunneling)



and on the depth of the hierarchy of overlap of fermion
lines (e.g. RTA), as we exemplify below. In Eq. (98)
we have introduced h; = h and similarly, for the blocks
with higher overlap of noncrossing fermion lines, h,,. As
in the definition of the first-order irreducible kernel in
Eq. (90), the symbol () implies the contraction with an
initial vertex of a fermion line, in this case the most in-

ternal. The boxes and are defined in Egs. (71)
and (72), respectively. The box |4 | reads

4= +:+_+ : (99)
>< X

and analogous definitions hold for the higher-order boxes.
Finally, S,, contains the box that operates on n
fermion lines by exchanging them in pairs and thus rep-
resent a class of blocks.

From the schematic expression in Eq. (98) we find in
Laplace space

¢ = i <h<52v>>n h (100)
n=0

with (Sov) = B + X, the RTA self-energy, and h; = h,
see Fig. 13. In Eq. (100), we have defined the dressed
self-energies iteratively as

o k
S, = (hn(gn+1v)> S, .
0

k=

(101)

Summing the geometrical series in Eq. (100) we find the
important result

¢=Mh"—(Sv)]".

Thus, the function ¢ is the solution of the Dyson equa-
tion

(102)

¢ =h+h(Syv)o . (103)
The formal exact expression for ¢ generates the differ-
ent approximations schemes used in literature by suit-
ably truncating the series expression, Eq. (100), and/or
the depth of the hierarchy in Eq. (101). For example,
the sequential tunneling (ST) scheme, first order in T, is
recovered by truncating Eq. (100) ton =0

¢sT =h.

The next-order perturbative scheme includes the cotun-
neling (CT) diagrams, with n < 1 in Eq. (100) and
S, = S,, so that (Sov) = B 4+ X. Then the irreducible
propagator reads

(104)

¢cr=h+h(B+X)h. (105)

Retaining all orders in the series expansion for ¢ and
truncating the hierarchy in Eq. (101) to two overlapping
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fermion lines, i.e. to the second tier, where S, = Sy, we
obtain the Dyson equation for the RTA propagator

¢rra = h +h(B + X)dgrs -

This approximation scheme is nonperturbative in the
tunnel coupling I' and corresponds to the scheme pro-
posed in [47]. Note that the propagator ¢y is readily
recovered by expanding ¢pra to order I'2. From the
RTA, neglecting the crossing blocks, we obtain the gen-
eralized dressed second order (gDSO), to be discussed
below, which is the solution of

¢spso = h+hBo,pgo

and reproduces the results obtained by Meir, Wingreen,
and Lee in [39] with the equation of motion method.

(106)

(107)

C. Dyson equation for the kernel in terms of
dressed bubbles and crossings

We split the exact, dressed self-energy of Eqgs. (102)
and (103) as (Sov) = B + X, according to whether the
incoming and outgoing fermion lines are the same or not.
The irreducible block B is a fermion line dressed by pro-
cesses of all orders. In the dressed, irreducible crossing
block X, the incoming and outgoing fermion lines are not
the same, which implies the presence of crossings involv-
ing these lines. These two dressed blocks are shown in
Fig. 14.

Let us introduce the dressed propagator ¢z obtained

FIG. 14. Dressed, irreducible bubble and crossing blocks that
generalize the ones shown in Fig. 13. Note that the difference
between B and ¢y is that in the first the dressing is irre-
ducible, and can be thought of as being the full ¢ itself, while
the dressing of ¢ is the sum over all processes, reducible and
irreducible.

by setting to zero the crossing block X. It satisfies the
same Dyson equation as ¢, but with the dressed bubble
self-energy alone; namely, in Laplace space,

bp = [h*l _ B} , (108)

or equivalently

¢p =h + hBgy, .

Truncation of the hierarchy to the second tier yields the
gDSO, Eq. (107), where B = B. In terms of ¢z, we can
cast the exact equation for ¢, Eq. (103), in the form

¢ =¢p+ PpXo .

(109)

(110)



Due to the lack of crossings on the main fermion line, ¢p
is diagonal in & and in i (but not in ) namely

[¢B};§x = @g,nw)nm(”)ai/i(sm’n . (111)

Component-wise in K, retaining the matrix structure in-
duced by n® = (..., "=, 5t .. .) and with the depen-

dence on A left implicit, Eq. (110) reads

¢i i("’/v"‘) = S"g(""/)(;i’i(sn/n
+ <p§i/(n’) . Z Xz"i” (M/7 F.',//) . (]_’)iui(n/” R) ’
i//nll
B (112)
where ¢¥ (k) is the left-contracted propagator given by

Pi(r) = O (K k).

V'K’

(113)

The steady-state population kernel can then be written
as

N
K (0) =T 0" Y e V)6
j=1 i

N
. g ,
= H 0 Z QS;/Z(i’)n(i) (s, ”)Vl—ni (k) .
j=1

T
(114)
As anticipated in Sec. V A, the steady-state populations
P are the solutions of the matrix equation

0="> Kyn(0)P5.
n

(115)

D. Current kernel

As shown in Sec. VB the current kernel can be cal-
culated along the same lines as the population kernel
provided that the additional constraints

[
5n'i’,+1cl = 5,7/1",4_15(1',154’,71

are introduced for the last fermion line.
According to Eq. (85), the general formula for the
steady-state current on lead [ is

I* = e2Re > K, (0)P5

n'n

(116)

where the kernel is in Laplace space and calculated at
A = 0. The current kernel formally reads

N
o1 J_j i'4
Kim©) =TT 077> 6,0 41lcip- vy Y iy mo
j=1 i'i

N
ey . ,
- H 0" n’ Z §n,i/,+1c;([);,’(i,)n<i) (K m)VE (k)
=1

RTINS

(117)
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cf. Eq. (114).

Summarizing, the steady-state populations and cur-
rents of the N-state system coupled to multiple leads
can be obtained via Egs. (115) and (116), respectively.
Both the population and the current kernels are in turn
directly given by the irreducible propagator ¢ which is
calculated via the Dyson equations (109) and (110).

VII. PROPORTIONAL COUPLING AND
CONNECTION WITH THE GREEN’S
FUNCTIONS

Consider the situation in which the central system is
connected to two leads (L and R) and the tunneling am-
plitudes are related by

ltire (6)]* = virltizo (€)1*/7iL

with ;g +7: = 1 (proportional coupling). Current con-
servation at the steady state I* = If® = —I% implies,
for proportional coupling, I = > . [virly — virly),

where I3, = e2Re} ., lCiI,l’n,nEO)P%O is the state-
resolved steady-state current and ICZ-I,l’n,n(O) is given by
Eq. (117) without the sum over the final state i’. Corre-

spondingly, we introduce the current kernel

K:'f;’n(o) = Z [Wi’R}%g’L,n’n(o) - ’Yi’LICiI’R,n’n(O):I )

" (118)

(3
with the steady-state current obtained as

I® = e2Re > KL, (0)Pyy .

n'n

(119)

Consider now the Dyson equation for ¢, Eq. (112). To
obtain the current kernel for the current on lead [ we
make a contraction with the vertex as in Eq. (117), which
gives

(i v_y) =(ci [$n+bn X 0| vop),  (120)
or, in symbols,
o} o i
ARN=EDt A 7
(121)

where we highlighted the last fermion line which bears
the current constraints of the lead [. In the first term
on the right-hand side, the vertex from which the last
fermion line departs is the first vertex, the one explicitly
appearing in the contraction. On the other hand, in the
second term, this vertex is inside the dressed block with
crossing of the main fermion line X. Using the relation
[, (er) = 6n41 — nf$(ex), both these vertexes (denoted
with red full dots in Eq. (121)) can be split as

)

v, (k) = Sy 41V (K) — 'V (K) (122)



where vi(k) = —[tino(er)|?/h? does mnot contain the
Fermi function. Then, we can write the dressed cross-
ing block by singling-out this internal vertex as follows

X" (') = v (6 (K'R) = v ()R (') (123)

Taking the difference in Eq. (118), the terms not con-
taining the Fermi function, i.e. the ones with v¥', cancel
out for proportional coupling, so that from (117), (120),
and (123) we obtain

HU’WZ5 141 [% (cLe-v_ > ORI

L
— YL (R - Vi)l (@)

= - Z ’YZ’RVjL

V'K’

’Yz’LVjLR(KI)]Q'r] 'r]( )6C f=1

| 4 (124)
with v (k) = v¥ (k)da, and
Hnmn 0 i +1 Z |:77 (PB 62/1
i'il ~i’d’ i
B2 ("5).”2; x" (kK" (K kv nl('{) ()
(125)

where matrix multiplication with respect to the compos-
ite sojourn indexes (¥ is understood in the second line.
Using the above definitions and Appendix E, the sta-
tionary current with proportional coupling reads I =
—2ReTrs[A>]. From Egs. (119) and (124)

:Zkvlv’n(o)P
n'n

=~ S0 [ et - st
X ZZQ,M ¢, ePde -1,

¢ n'n
(126)
where we used the property v;r.Tiir(e) = virLir(e) =
~virYvirlii(€).  On the other hand, from Egs. (E3)
and (E6)

Trg[A>] :Z % /dﬁ [f1(e) = f1(e)] Tusle) G e)

(127)
where G? is the advanced Green’s function of the central
system. Note that the blip index ¢ always multiplies the
imaginary unit, as can be seen in the definition of the
correlation functions g¢ which enter the diagrammatic
contributions to the propagator, see Egs (48)-(55), along
with the phase factors by, defined Eq. (42). This means
that, in the time domain, ( establishes the sign of the
time variable and the real part can be obtained by re-
moving the constraint §c_; and summing over (. We
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can thus make the following identification with the re-
tarded/advanced Green’s functions

g(C _ IC Z Q

(128)
where ¢ = 41 (—1) gives the retarded (advanced) Green’s
function. The exact steady state current acquires, in

the continuum limit, the form of the Meir-Wingreen for-
mula [21]

~ € o | _Lzelr(e) Ll — R
gy [ ] ke - rio)

x [—1Im gg(e)} ,
T
(129)
where Tjin(€) = 27 0ao(€)|tins(€)]? and where we
used Re[—iG%(e)] = ImGZ(e) = —ImG]; ().

A quantity used to characterize the equilibrium (uz =
1r = p) behavior of a transport setup is the linear con-
ductance G, defined as the limiting value of the differen-
tial conductance 91 /9V for vanishing bias eV := ur—pg.
Explicitly [65]

o= 3 [ [m i) [
<[ rmare]

(130)

where, at equilibrium, f£(e) = ff(e) = f4(e) and where
we used 0L /OV = —edfE/de and ff OV = edfF/0e.
In the following, we shall apply the general formalism

developed here to two archetypal models, the resonant
level model and the STAM.

VIII. RESONANT LEVEL MODEL

Up to here, we have considered a general interacting
central system connected to a number of noninteracting
leads, with possibly energy- and state-dependent tunnel
coupling. The only constraint has been given on the cor-
relation matrices in the form of Eq. (29). In Sec. VII, we
have specialized the discussion to the case of two leads
and proportional coupling.

To exemplify the construction carried out so far, we
consider in this section the resonant level model (RLM).
This model describes a single, spinless level of energy €
coupled to two noninteracting leads as shown in Fig. 15.
The model Hamiltonian is

_ T
H = ¢ ata + Z €akCplpCaka

ako 131
YT (131)

ka Cako —|—takchU ] .
ako

Due to the lack of interactions in the dot, this model
admits an exact solution and has been analyzed with a
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FIG. 15. Scheme of a spinless level of energy €p tunnel-coupled
to two noninteracting leads.

variety of methods in Ref. [36], see also [38]. Accord-
ing to the diagrammatic rules set up in Sec. IV D, the
contributing diagrams for a noninteracting system can
have at most two overlapping fermion lines for the same
electron state. Since the dot is equipped with a single
state, the RTA, discussed in Sec. VIB, provides the ex-
act description of the resonant level. Indeed, from the
diagrammatic rules we now that, in a noninteracting sys-
tem, diagrams with overlap of more than two fermion
lines of the same state vanish. Hence, the exact equa-
tion (110) reduces to the RTA, where the crossing block
X is not dressed by internal processes and the dressed
propagator ¢p is given by the bare propagator h dressed
by the bubbles B, see Fig. 16. As a result, the exact

h B X
Ko Nk kK- Nk k- - K/
FIG. 16. Blocks involved in the propagator of the reso-

nant level model. Full dots represent the vertexes defined
in Egs. (91) and (92). Dashed and solid lines denote blip and
sojourn states, respectively. The sojourn index 7 assumes the
values +1 and —1 for occupied and empty dot, respectively.
These internal sojourns are summed over, the sum being in-
cluded in the definitions of the blocks.

Dyson equation (112) specializes to

o(K', k) ZX (v, k" d(K" k),

K;//

(132)
where the matrix structure in the sojourn index n'® is
lost due the fact that there is a single electron state so
that x = k with

:<PB( )nn'f'(PB

k= (Cak).
The dressed propagator ¢p(k’, k) = vp(K')dx, is in turn
given by
¢p ="' -B] ", (133)
according to Eq. (108).
In Laplace space the bare propagator h(A = 07) reads
. 1
[h]kw = ik (134)

—51’\3/”\3 )
C(ex —€eo) +10F
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see Eq. (91).

The bubble block, the central diagram in Fig. 16, is
the contraction with a vertex of the internal fermion line
(indexed with 1) of the free propagator with two overlap-
ping fermion lines

~~ Nk
h KKk — T =ih . k'K -+
] 0 ((ex — €x,) +i0F

(135)

Here, the index (; is constrained to be equal to —( by
the diagrammatic rules, see Eq. (51) where the upper in-
dexes of the correlation functions g% have opposite signs.
Note that the block hy bears no dependence on the dot
energy as the system is in a sojourn state, denoted with
7, contrary to the block h in Eq. (134) where the system
is in a blip state (dashed line, see the left diagram in
Fig. 16). Including the sum over the internal sojourn 7
due to the sum-over-paths, the bubble block is evaluated
as follows

Bluw = @ = St

>y Vn(ka 541

=iCh —6 / 136
C ; €k — €k, +1CO+ re ( )
IC 011 Ekl
- —5n/na
Z €k — €, +1C0T

Otl,k?l

where we used }_, fy(ex) =1 in the vertex

It( ol

(k) = ———5 [ (&) - (137)

In the wide-band limit (WBL), i.e. for energy indepen-
dent tunneling amplitudes, using the result of Eq. (I1)
we obtain

Blaw =G Lt [ s o

- ﬁw > O lton *Onrn (138)
aq

Tr
ﬁén’n )

where I' = 27 3" 04 |ta|?. As a result, from Eq. (133),

1

Pn(C k) = iCh—

(139)

The block X is given by attaching the vertex v, to the
outgoing fermion line (with index ') in the propagator

d¢,—~¢
C(Ek — Ek/) + 10+ ’

(b3 =ih (140)



resulting in

Xluw = LN
i Sy
_Gk — € + ICO+ ¢

i el
h € — €ps +i§0+ ¢

(141)

Here, as for B, the internal sojourn index 7 is summed
over due to the sum-over-path with the result that X
does not contain the Fermi function.

The retarded/advanced Green’s function are given by
Eq. (128) via the function ®,/, defined in Eq. (125)
which, in the RLM, adapts to

Qyry(K') =006y 41 [77%013("5')
+on(R) 3 x4 (K K)o, 1)y ()]

(142)
The block x4, see Eq. (123) is easy to evaluate and from
Eq. (141) reads

iCh >, m
€r — € +1C0T

X+ - 64/,_C == O .
Thus,
Qn’n(Ca k) = 5n/,+1<PB(Ca k) )
and the resulting expression for the Green’s function is
i¢ o
g(O(Ek) T Zgn/n(Ca k)Pn
n'n
i¢ o
=~ R R) YR
7

1
Cep— e +1CT/27

(143)

where we used Eq. (139). Thus, as expected, the single-
particle Green’s function acquires a broadening I'/2 due
to the coupling of the resonant level to the leads.

Substituting G¢=*1(¢) in Eq. (129), the current for
proportional coupling, v, T'r = yrI'r, (with vp +vr = 1),
in the WBL reads [89]

€ FLFR
I®° =— [ de [fE(e) — fB(e)] ———=———
L[ et = 1 .
= SR )
— h T T\€o0)
where I' = I', + I'g and where we defined
1 x—uL—iE
:I — o e 2
rie) =Imy <2+1 kT )
(145)

1 .ZL'—,U,R—ig
1 oo PR
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with U(z) the digamma function. Equation (144) pro-
vides the exact, finite-temperature expression for the cur-
rent in the RLM.

Summarizing, while the RTA gives the exact irre-
ducible propagator ¢ and consequently the exact density
matrix and current for the RLM, the crossing diagrams
do not contribute to the retarded/advanced Green’s func-
tions (and to the current for proportional coupling). Note
that, as the dot can host at most one electron, the system
is necessarily noninteracting and consequently inelastic
processes are absent. This gives the Landauer formula
Eq. (144), where the temperature dependence is exclu-
sively in the Fermi functions. Using Eq. (130) for the
conductance, with the imaginary part of Eq. (143), we
readily obtain the analytical expression for the conduc-
tance at T = 0, where —9f; /0e¢ = 0(e — u), which is of
the Breit-Wigner form [22, 23]

G = 262 FLFR/Q
T h (n—e)? + 124

(146)

For T',, = T'/2 the conductance saturates to half of the
quantum of conductance Gy = 2¢2?/h at resonance, i.e.
for 1 = €p. In the noninteracting spinful model, where
the dot can host two electrons with opposite spin, the
sum over ¢ yields the maximum Gpax = Gp.

IX. SINGLE IMPURITY ANDERSON MODEL
(SIAM)

t t
o o

L R

FIG. 17. Single impurity Anderson model realized by a quan-
tum dot tunnel-coupled to two noninteracting leads.

We now specialize the discussion to the simplest, yet
highly nontrivial, instance of the general model of in-
teracting nanostructure described by Eq. (1), the single
impurity Anderson model (SIAM). In the STAM, the cen-
tral system is a quantum dot that can host at most two
electrons with opposite spin states, the latter being de-
noted by o = 1,]. The dot is connected to two leads, L
and R, via a tunnel coupling which we assume here to
be spin-independent. A scheme of the model is provided
in Fig. 17. The resulting four many-body dot states are
given by |0), | 1), | {), and |2), or, in terms of the sojourn
indexes (nT,n%), by | =1 —1), | +1—1), | —1+1), and
|+ 14 1), respectively. The difference in chemical poten-
tials produces at long times a stationary current which
is essentially determined by three energy scales: The in-
teraction energy U between the electrons in the dot, the
tunnel coupling I', and the thermal energy kg7T'. Despite



its simplicity, this model already displays a variety of in-
teresting physical effects and transport regimes arising
from the interplay of these energy scales, see Fig. 18 be-
low. For example, the Kondo effect [4-6], an exquisitely
nonperturbative many-body phenomenon due to the cor-
relation between electrons in the dot and the leads, be-
comes relevant for temperatures around and below a cer-
tain value Tx which depends exclusively on I', U, and
the single-particle energies ¢,.
The full Hamiltonian of the setup reads

H = Z €sNg + Uhipfy + Z eakcakgcaka
ako (147)
+ Z takaacakU + takcakaa‘f] )

ako

where a = L, R, and f, = ala,. The single-particle
energies €, are possibly split by an externally applied
magnetic field, e = €9 + Ap and ¢, = ¢g — Ap. Note
that spin-independent coupling constants tqi (and non-
magnetic leads) imply that the correlation matrices g,
Eq. (7), are not only diagonal, but also proportional to
the identity, namely [g+(t)]o/o = 0576 g+ (1) With

1 [e% —ie
ga() = 15 D ltarPf2(e)e Ft L (148)
ak

In what follows we use the compact notation of Eq. (22)
which, in the case considered here, adapts to

gs1=¢g".
(149)
In the WBL, the tunnel coupling is quantified by I' :=
21>, 0altal?. The collective index X, defined for the
general case in Eq. (86), specializes in the STAM to

gii=g+ g=g}, gi=g,

and where & denotes the opposite spin with respect to o.
In order to simplify the notation, from here on we make
the identifications

o

n°=v and 7n° =7,

with 7 = —v and 7 = —n, so that x := (k,n). The
system energies E; in the phase factors of Eq. (42) are
in this case the path-dependent dot energies shown in
Fig. 7. For the fermion lines associated to the state o
these energies read

E,=¢,+U/2
Es(n) =€, + (1 +n)U/2

& in a blip state

& in the sojourn 7 .
(150)
Analogous expressions hold for E; and E5(v).
The retarded (¢ = +1) and advanced (¢ = —1) dot
Green’s functions, Eq. (128), adopt in the STAM the fol-

lowing form

G (e, _K ZQ

(151)
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with
Upn(5) = ' i1 3 @6 ()00 + vipy ()
s=T,)
% Z f(im/(l{? FLN)¢UHS(K”, K,/)ans (K/)] e
(152)

where we used (v)? = 1. Here, the blocks in parenthesis
have a 2 X 2 matrix structure induced by the sojourn
indexes 1?1, and the vertex is given by

[t ( D) o
voy(r) = — el g ) (153)
The Meir-Wingreen formula, which gives the current for
a general system in the case of proportional coupling with

the leads, Eq. (129), adapts for the STAM to
( ) 1ImgT (€)
- el .
oo

IOO:eFLFR Z/d6 f+
(154)

The asymptotic population of the spin states o is the
trace over the occupation states of ¢ of the STAM pop-
ulations P7°, namely py = Zn P, In terms of the ex-
pectation value of the number operator 7,

7 =1 (i) .

These expectation values can be calculated either by solv-
ing the master equation for P}, see Eq. (115), or self-
consistently, via the equations of motion technique [42],
where, in the wide-band limit,

pT = (7o) , (155)

~ 1 [delrest@ 4 asfe)] |-tz o)

(156)
with I'=Tp1 + I'g.

A. Approximation schemes

Despite the existing rich literature on the STAM, due
to the complexity of the problem, an exact analytical
solution for the dot Green’s function, Eq. (151), encom-
passing the whole regime of parameters U, I', and T, is
not known so far. In the forthcoming sections, we show
how known perturbative schemes in I', as well as some
nonperturbative ones, are recovered within our approach.
Furthermore, a novel infinite-tier approximation scheme
is discussed.

In Fig. 18 we sketch the regime of validity of different
analytical approaches derived from the diagrammatic un-
ravelling of the exact irreducible propagator in Eq. (98).
The sequential tunneling and cotunneling schemes are
perturbative in I' and thus valid when I' is the small-
est energy scale, namely I' < kg7 for U = 0 and
I' « kgT,U for U # 0. In order to access the regime
I' ~ kT one needs to include processes of all orders.



The simplest way to do this is to truncate the hierarchy
of diagrams discussed in Sec. VIB to a maximum over-
lap of two fermion lines. We call the resulting schemes
second-tier. Iterating the insertion of the bare bubble
and crossing blocks defined above in the bare propaga-
tor h and summing the geometrical series results in the
RTA [47], where ¢ is the solution of the Dyson equa-
tion (106). Neglecting the crossing blocks of the RTA,
one is left with a main fermion line dressed by bubbles, a
scheme which we call gDSO, as it generalizes the dressed
second order (DSO), which accounts only for charge fluc-
tuations internal to the main fermion line [49]. In our
language the DSO considers the bubble blocks diagonal
in the index 1. On the contrary, the gDSO takes into ac-
count the full matrix structure of the bubbles and, along
with the RTA, recovers the noninteracting Green’s func-
tions. These second-tier schemes display artifacts such as

gDSOoc0  (oo-tier)
gDSO4  (4th-tier)
! ! RTA, gDSO  (2nd-tier)
: : : CT, ST (pcrt.)i
} N : % A
0 Tk r

FIG. 18. The different approximation schemes for the STAM
discussed in this work, in their range of validity (kg = 1).
Sequential tunneling (ST) and cotunneling (CT) are pertur-
bative in I" (first and second order, respectively). The gen-
eralized dressed second order (gDSO) and the resonant tun-
neling approximation (RTA) are nonperturbative in I' and
neglect diagrams with overlap of more than two fermion lines
(second-tier schemes). The first is obtained from the sec-
ond by neglecting the crossing diagrams and yields the Meir-
Wingreen-Lee result [39] for the retarded Green’s function.
Higher-tier approximation schemes deepen the hierarchy of
fermion lines. We propose novel infinite-tear and fourth-tier
schemes which neglect the crossings at all levels and can be
seen as dressed versions of the gDSO.

the pinning of the density of states at the particle-hole
symmetry point, due to the temperature-independent
self-energy at this symmetry point, and do not predict
the correct Kondo temperature Tx. Crossing diagrams
contribute to inelastic processes but are not expected to
be relevant for investigating the zero-bias anomaly. For
these reasons, in Sec. IX D, we discuss an infinite-tier ap-
proximation which allows to recover the gDSO Green’s
function but with dressed self-energies, see Eqgs. (207)
and (212) below. In Sec. IXE, we explicitly evaluate
such self-energies in a simplified fourth-tier scheme.

B. Perturbative schemes
1. Sequential tunneling

The simplest approximation, valid for kgT,U > T" (or
kgT > T if U = 0), consists in truncating to the low-
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FIG. 19. Differential conductance vs the gate voltage V; and
bias voltage V in the sequential tunneling (ST) approxima-
tion. At low bias voltages, the current is strongly suppressed
inside the regions enclosed by so-called Coulomb diamonds
due to charging effects. The ST approximation does not ac-
count for virtual processes (of higher order in I') which en-
able transport of charge also inside the Coulomb diamonds.
Degenerate case, €, = ¢¢ = —U/2 + eV, with temperature
kT = 0.1 U and tunneling rates ', =I'r = 0.005 U.

est order in I' the Dyson equation for the propagator
¢, Eq. (103). This results in ¢pgp = h, where the bare
propagator with a single fermion line reads for the STAM
[h]7/% = hy, 057005, Where

~ N0k 1
= ih - .
- o n C[ek - Ea(n)] + i0*

ng, = (157)

This propagator yields the current to the lowest order,
namely the second order in the tunneling amplitude t
(or first order in I'). Note that the propagator ¢gr is
diagonal both in the spin and in the remaining variables
x- Using Egs. (151) and (152), the Green’s functions in
the ST approximation is

IC oo T
gt(fi),ST(ek) = - E Z n/nSDST,n’n(Ca k)pn
" (158)

-y Py
— e — B (1) +10F

where py = > Px¥.  Recall that ¢, (k)
D oorn ¢g’T”m,n(n’,m), see Eq. (113). In the ST approxi-
mation, from Egs. (155) and (158),

TGy, (€) =0(e — €)1~ (5)) + (e — e — U)1s)
(159)



where we have used lim. .o+ e/(2? + €%) = 7d(z), and
the general formula (154) gives for the curent

€ FLFR

A
ST n T

S {1 o) = FHea) 1 = (0)
” (160)

+ (e +U) = FRer + D)) } -

The levels’s populations are obtained by solving Eq. (156)
which yields in this case

_ Za Faf-?-[(ea)
r'+ Za Fafﬁ(eo') - Za Fafi(ea + U)

In Fig. 19, we show the differential conductance
0I/0V in the degenerate case, obtained from Eqs. (160)
and (161) by using df£/0V = —ed fL/0e and OfF/OV =
edff/0e. The differential conductance is shown as a
function of the bias voltage eV = uy — ur, and the gate
voltage, which shifts the position of the (degenerate) level
via g = —U/2+eV,. Such plot, called stability diagram,
highlights the resonances which form diamond-shaped re-
gions where the differential conductance is zero. In the
central regions called Coulomb diamonds, the dot popu-
lations are 0, 1, and 2, from left to right, and the current
is suppressed. This effect is called Coulomb blockade
and appears in the present regime of weak tunnel cou-
pling , where the Coulomb interaction dominates and
F/k‘BT < 1.

A horizontal cut (V' = 0) of the stability diagram gives
the linear conductance G = 9I/0V|y—o, see Eq. (130).
The linear conductance, which is suppressed at the cen-
ter of the Coulomb diamond, shows two peaks separated
by the energy U, see Fig. 20 below. A straightforward
extension of the ST which accounts for a I'-broadening
in the Green’s function is discussed in Sec. IX C 4 below.

(fz)

. (161)

2.  Cotunneling

The next improvement over the ST, also perturbative
in I} is the cotunneling approximation. It allows charge
transfer across the dot also in the parameter regimes
where ST processes are exponentially suppressed due to
the Coulomb blockade [34], i.e. around the center of the
Coulomb diamond, Vg ~ 0, see Fig. 19. In our diagram-
matic approach, this occurs via virtual processes encoded
in the bubble and crossing blocks B and X, i.e., according
to Eq. (105),

¢cr=h+h(B+X)h. (162)

As the sequential tunneling approximation, also this
scheme is valid when T' is the smallest energy scale of
the problem.

As already noticed in the case of the RLM, the dia-
grammatic rules in Sec. IVD and in Appendix H imply
that when there are at most two overlapping fermion lines
associated to the same state (in the present case to the
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same spin state), the fermion line of a bubble has the
index ¢ opposite to the one of the main fermion line.
Similarly, in a crossing, the outgoing line has the index
¢ opposite to the one of the incoming line. These con-
straints do not apply when the spin states involved in a
bubble or in a crossing block are different. It is therefore
natural to distinguish these two cases.

The bubble block is obtained by contracting with a
vertex the internal fermion line (indexed with 1) of the
bare propagator with two overlapping fermion lines which
can be of the same [o(0)], see Eq. (163), or of oppo-
site [0(7)] spin. The first is given by [hg")];l,‘;éu,u =

hg(a)ég/gdnl,cén/n, where

: 0¢.~¢
h 1,
! C(ek—ekl)—FiOJ" ’

W' = (163)

R

(cf. Eq. (135)). Note that the block hgj) has a 4 x 4
structure in the composite index (v,n) = (n°,n%). The
propagator with overlap of two fermion lines with oppo-
site spin is given by the block [h$]7/% = h3 75,06k,
with

/\(Hﬁ 1

Clex — Ey) + Ciex, — E5) +10T

(164)
which has no structure in the sojourn indexes. The bub-
ble block resulting from the contraction of the internal
fermion lines of the two above propagators with the ver-
texes

_ [ta(er)|

vin) = B g @), (169)

is given by [B].9, = B, Jo/00nw. The function BZ, is

the sum

o _mnolo) (o)
Bn’n _Bn’n +Bn’n

(166)

_ ihZu VV('q’l)dCl,—C
=2 Cler — €x,) +i0F O
ih V,n(F-'q)
* Z C(ex — Ey) + C1(ex, — E5) + 10T ’

K1

The first contribution, which is diagonal in all the in-
dexes, is calculated as in Egs. (136)-(138), and reads

BZ,(S) = —I'/(2h)d,y,, in the WBL. The second term in

Eq. (166) depends on 7 via the vertex and can be evalu-
ated as well in the WBL where 37— 37 . 0o, [ dei.



We obtain, see Appendix I,
h Z@ >3 [
_”72 oh g;rlkBT )
+ JM) ]
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(167)
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where &, = Ez + ((1(E; —¢). All in all, the WBL
expression for the bubble block reads

o r
B,r]/n - _75 /

2h7777
-y 5

a1,(1

M
2’/T/€BT
(168)
Note that the second term, while depending on the so-
journ index 7, is independent of 7’. Thus, in the WBL,
the matrix elements of the bubble can be written as the
sum

541)—1”411%1/)(1

- r
B,q/,,7 = 775

27+ B

(169)

The crossing blocks, with overlap of fermion lines with
same and opposite spin, read

ih Y, vi(K)

X779 = Ocr — Oy
X]3'x 0 I Clex — epr) +10F <meTm
[X]an _ _ ih V*W(K“,)
XX  Clew = Eo) + (e — Bo) +i07
(170)
respectively. Here, in the spin-diagonal crossing block,

we include the sum over the internal sojourn v in the
definition, as done for the bubble with overlap of same-
spin fermion lines, see Eq. (166).

In order to write the Green’s function, we use the co-
tunneling irreducible propagator in Eq. (162). This yields

QZ{EIT(K) — n'n5u’,+1{hgn(“)6n’n
+ 17 () B () (1)

o oo’ N (! ’
+§; [yh (R)x57 (ko &R (K)o (i )} W,} :
(171)
where, according to Egs. (122) and (123), we split the
crossing block X7 ag

’

X7 (k') = v(r)x77 (kK') — vy (K)XT7 (kK) . (172)
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Now, from inspection of Eq. (170) we find that x77 =
due to the sum over v (and in analogy to the RLM case)
because nothing else depends on v. We are then left with

QT () =m0 1 [, ()0
+ 7, (k)By, (k)hy, (k)

+ Y W (R)XT7,, (K, &)hE, (k )v,n(n')} ,
) (173)
where
x7%, (K, K') = iy .
A (e — Eo) + ('(ex — E5) 107
(174)

Using the above result and Eq. (166) we can cast Q& in
the form

Q7T (k) =1'ndyr 11 {hgn(n)a,,,,, + 2, (#)BI (k)hT, (1)

h7, n ( )+ vn'hy, (K)]v_y(K)
+ hz C(ex — Ey) + (' (exr — E5) + 10T
(175)

As a result, the Green’s function is the sum of the ST
contribution, given by the first term in Eq. (175), plus the
terms of fourth order in the tunneling amplitude (second
order in I') and reads

1
gc(fa)CT (ex) CzﬂnnCTCkPw
(176)

=g§?,ST<ek> + G am(€r)

For a comprehensive diagrammatic analysis of cotunnel-
ing effects we refer to [34]. In the recent article [86], in-
terference phenomena at the cotunneling level, where one
needs to go beyond the assumption of state-conserving
tunneling, are discussed for interacting double quantum
dots. In this work, we rather focus on nonperturbative
schemes.

C. Nonperturbative, second-tier schemes
1. Resonant tunneling approzimation (RTA)

Iterating the insertion of the cotunneling blocks B and
X in the bare propagator h, one obtains the nonperturba-
tive RTA. The Dyson equation for the irreducible propa-
gator ¢ppa = (W1 —B—X] !, Eq. (106), can be given in

terms of the gDSO propagator ¢,pso = [h™! —B] ™! (see
the next section), as follows
PrrA =PgDs0 T PeDsOXPRTA - (177)

Component-wise in &, with the 2 x 2 matrix structure
induced by the sojourn indexes n',n* left implicit, this

} |



equation reads

! !
drra (K K) = SogDUso("L/)(Sn'nfs ‘o
’

+ pepso(k) - Z X7 (K

o'k
(178)
The RTA is equivalent to the second order von Neumann
approach [45] and in the noninteracting case reproduces
the current for the STAM, but not the full density matrix,
contrary to the case of the RLM which is fully described
by the RTA. Indeed, as discussed in Sec. IVD, for U =0
the contributing diagrams have at most four overlapping
fermion lines, of which at most two with the same spin.
In the infinite-U limit, the RTA admits an analytical

solution to be found along the lines of [47, 90]. In this
limit, the blocks specialize to (consider ¢ = +1)
h|Z%, = ih ! O
[ ]x/x =1 m a'aOx'x%,—1
vo _ 2o Ve (K)
[X]X/X = h_7+ ¢=C s
€ — €, + 10
5 vy (k)
X137, e
Xl € — e +10F T
: v (k") 4+ v, (k")
B|7% =ik - U I/ Ox/5 -
Bl azk e — e + 10+ XX
(179)

The 2 x 2 matrix structure of Eq. (178) is lost because
n can only assume the value —1, as induced by the in-
teraction energy appearing at the denominator of h for
1n = 41, namely the dot can be occupied at most by one
electron. As a result, we get the following two equations
for the diagonal and off-diagonal elements in the spin
index (we omit the labels RTA and gDSO)

977 (€, €') =77 (€)d(e — €)
+ SOUO-(E) / dE”XUU(E, 6//)¢UO‘(€/I’ 6)
+ QPU(T(E)/dEHXU&(Q 6//)(]560(6”, 6l) , (180)
¢UJ(6 6 /dG//X(TU 6 € >¢(TU( )
()066-(6)/d€”X65(€, 6//)¢)60(€”, 6) ;
where X7 = X979 and X779 = X7, see Eq. (179). Con-

sider now the degenerate system, e; =€) = €. In this
case 77 = p?? = ¢ and, by summing the above two
equations, we obtain

6% (e.¢') =" (€)6(e — ') + 07 (¢) / de"X (e, )67 (¢ €)
(181)

) G (K k)
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where

6/> :Z(ba'/zf(e’e/)

X(e,€') =X77(e,€') + Xﬁo(e €)

2v¢ “(e)
—ih +
Ea: €e—¢€ —|—10+ ’

see Eq. (179). Solving Eq. (181), it is found that the
real part of ¢, the one which enters the current, as in
Egs. (116) and (117), reads

(182)

Re [ deo”(e.evoy(€) = Cy L lvi (v (@Il
[0

(183)
where C), is a constant depending on the initial ver-
tex v_,. As shown in [49] the RTA and the DSO,
see Sec. IXC3, have, in this regime of large inter-
action U, a qualitatively similar behavior of the lin-
ear conductance, though the RTA predicts higher peak-
conductance. Moreover, the two schemes share the same
prediction for the zero-bias anomaly temperature scale,
which is given in Eq. (196) below.

2. Generalized dressed second-order approrimation

In the gDSO, the propagator ¢,ngo is given by the
Dyson equation (107). As a result, the bare ST propaga-
tor is dressed by the bubble diagrams B, namely

¢ypso =[h ' —B] . (184)
While being diagonal in ¢ and &, the bubble blocks B
have a nontrivial 2 x 2 matrix structure in terms of the
sojourn index 7, see Eq. (169), a feature which accounts
for charge transfer by processes internal to the main
fermion line. As a result, they induce a 2 x 2 structure to
the contracted (matrix) function ¢gfgo (), defined by

¢gDso(“ JK) = ‘PgDso( %)k 1007 c -
Neglecting the crossings in the main fermion lines re-
sults in the Green’s function, see Egs. (151) and (152),

_i¢
g(C)( Z n nSOgDSO n’ W(C k)
n'n
IC oo a
= Z SOgDSO nn (: k) - SOgDSO,ﬁn(C? k)] pn .
(185)
The matrix elements of ¢, from Eq. (184), read
o7C _ (h7;) " — B7;
BPROm T (hg,) 71 = By, l[(hgq) 1 — Bg;l - BB,
PeDs0.m = S
()=t = B Jl(hg) Tt — Bl - BB,
(186)



where h7,, is defined in Eq. (157) and where the depen-
dence on k of the block functions is understood. Note
that the denominators are independent of 7. Plugging
these results in Eq. (185), with pj given by Eq. (155),
the dot Green’s function reads

1 — (75)

Gl — -
T e —icnBT_+icnB]
+ <ﬁ&> e—e,—U—iCh[B] , +B7 | °
€ =€ — U —iChBg, +iChBZ ., ejec,fich[BijjrBzIf
(187)

In the WBL, we can simplify this expression by using the
result in Eq. (169) and the property

ZB%TI =-T/h,
n

which can be checked by inspection of Eq. (168). The
retarded (¢ = +1) Green’s function in the gDSO reads

1— (75)

€ — o +i0/2+ S0 () 773
(Na)

+
e—e—U+iT'/2 - X4 (€)

(188)

Goole) =

(189)

)

U ___
e—e,+i30/2

where we have identified the retarded self-energies with
the off-diagonal matrix elements of the bubbles via

S (€) 1= 1B, (W)~ 11

Ia
:_Z 271'1 CZ
1

QW]CBT

Qp

(190)

with &, = Es + (1(E, —¢) and E, = ¢, + U/2. Note
that, by virtue of the property (188), which implies

Sn(€) = ~Say(e) — il (191)
we can express the retarded Green’s function in terms of
a single self energy, e.g. Y,_(¢). Interestingly, the result
in Eq. (189) is equivalent to the one obtained by Meir,
Wingreen, and Lee in [39] with the equations of motion
technique.

We now summarize the properties and predictions of
the gDSO. For vanishing interaction, U = 0, we recover
the correct WBL result for the noninteracting case

1

Goole) BT R

(192)
As anticipated below Eq. (146), the zero-temperature
conductance in the noninteracting limit

I
(ﬂ—60)2+r2/4

G =Gy (193)

saturates, at resonance and for I',, = I'/2, to the conduc-
tance quantum Gy due to the sum over the spin degree

n¢iRew G + lgc_““) + iwfa;(é’gl)]
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of freedom. This can be seen by applying the general for-
mula, Eq. (130), to the STAM with the retarded Green’s
function given by Eq. (192).

For finite interaction, on the other hand, the gDSO
displays a zero-bias anomaly at a characteristic tempera-
ture T = Typgo. This temperature is defined as the one
at which the real parts of the denominators vanish, caus-
ing a peak in the density of states —Im[G"_(u)]/7. By
virtue of the property (191) satisfied by the self-energies,
this condition is the same for the two terms in Eq. (189)
and reads

(n—€0)(t — €0 — U) — 30% /4 + U Re[S,_ (1)

7] =0.
(194)

For sufficiently large interaction energy U, we can ap-

proximate the real part of the self-energy in Eq. (190) as

r U
DI s —In | —— | . 1
ReXo— ()l o (27rkBT*> (195)

Then, assuming U > T, solving Eq. (194) for T* =
TgDSOv we find

ks Tanso & o2 (n=co)(i—co-U)/UT (196)
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Notice that this result differs from the Kondo tempera-
ture Tk, which has the prefactor 7 in place of 2w at the
exponent [5, 6].

Another problem of this approximation scheme is the
temperature-independent behavior at the particle-hole
symmetry point (sp) pu — ep = U/2 at equilibrium in the
degenerate case [40]. Indeed, since &£ = F(e — p), we
have f(€y) = f-(E-). Also Reyp(x +1iy) = Reyp(x —iy).
Thus, from Eq. (190) we find that the self-energy is purely
imaginary and temperature-independent

2P () = —il/2. (197)

Consequently, the retarded Green’s function becomes
S 1— (ns
G3r(e) = B S E—
. (i) |
e—U/2+il'/2 + i(F/Q)m

(198)

This feature causes the onset of an artifact in the linear
conductance G when the temperature decreases below I':
A pinning at a temperature-independent value of G at
the symmetry point. Note that inclusion of the crossings
does not lift this problem: This can be seen from Fig. 3
of Ref. [44] where a scheme equivalent to the RTA, which
includes the crossings, is used.

The linear conductance from the gDSO is shown in
Fig. 20, for the degenerate case, as a function of the gate
voltage ey — p for various temperatures. At high temper-
atures, kgl > T, there are two temperature-broadened
peaks separated by the energy U, in agreement with the
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FIG. 20. Linear conductance within the gDSO, in units of the
conductance quantum Gy = 262/h, vs the gate voltage eo —
in the degenerate case ¢, = €¢g. The peaks shrink and move
towards the center as temperature is decreased. The curves
at the lowest temperatures display an unphysical pinning at
the particle-hole symmetry point. The tunnel coupling is I' =
0.1 U with FL = PR = F/?.

ST result shown in Fig. 19. Upon decreasing T', the peaks
get narrower and closer, witnessing the transition to I'-
broadened conductance peaks, where the dot energies are
renormalized by the tunnel coupling to the leads. This is
captured by the nonperturbative character of the gDSO.
As anticipated above, at low temperatures, kgT < T,
the pinning of G at a temperature-independent value ap-
pears at the particle-hole symmetry point ¢g—pu = —U/2.
The onset of this artifact signals the breakdown of the ap-
proximation scheme. As shown in Sec. IX E, introducing
higher-tier processes which dress the gDSO bubble dia-
grams, this problem is lifted as the dependence of the
self-energies on the temperature is restored.

8. Charge fluctuations only: Dressed second order

The DSO is the simplest, nontrivial approximation
scheme nonperturbative in I', being the dressed version
of the sequential tunneling, see Eq. (104), where the main
fermion line is dressed by charge fluctuations [49, 91, 92].
The diagrams retained are formally similar to the ones
of the gDSO, namely they consist in dressing the main
fermion lines with bare bubble diagrams. The difference
is that the DSO only accounts for charge fluctuations of
the main fermion line, meaning that the sojourns states
before and after a bubble are the same, n =1, =--- =7'.
As a consequence, the charge in the dot does not vary by
more than one unit between the two ends of the main
fermion line, net charge transfers being operated solely
by the latter. In this scheme, the kernel connects the
same states as those connected by the sequential tunnel-
ing, the states that differ by no more than one electron
in occupancy. Note that the same is not true for the
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FIG. 21. Linear conductance within the gDSO and the DSO
schemes compared with the curves from the numerically-exact
DM-NRG. We consider the degenerate case €, = ¢ for three
different temperatures: kg7 = 0.04 U (upper panel), kg1 =
0.003 U (central panel), and kg7 = 0.0004 U (lower panel).
The tunnel coupling is I' = 0.2 U with I' =I'r =I'/2. The
parameters are chosen to allow a direct comparison with the
results of [35].

gDSO, which includes also processes that vary the dot
charge also within the main line (pair tunneling). The
fact that the internal processes leave the intermediate so-
journs unchanged means that the bubbles in the Dyson
equation (205) for the function ¢?? have a diagonal struc-



ture yielding the solution

1

wggy,Dso(f‘v') =m5n’n : (199)

Thus, according to Eq. (185), the retarded DSO Green’s
function assumes, in the WBL, the form

i B 1—(ngs)
gaa(e) _6_604—11_‘/2—207(6)
(Mz)
€6 —U+il/2 =%, (e)’

(200)

with X,,(¢€) given by Eq. (190). Note that, contrary to
the gDSO, the correct result in the noninteracting limit
is not recovered within the DSO. However, in the limit
U — oo, the DSO reproduces the gDSO result in the
same limit, namely one obtains

: r _ 1_<’ﬁ“5'>
Ulgnoo Yoo (€) Ce—er +il/2 -8, (e)

(201)

The corresponding prediction for the Kondo-like temper-
ature Tpgo is in this limit

—27(pu—eo)/T ; (202)

kBTDSO ~ 228
s

and is the same as for the gDSO, and RTA, with the
wrong prefactor in the exponent. Nevertheless, the DSO
is the simplest scheme, namely the one with the minimal
collection of diagrams, which captures the emergence of
a zero-bias anomaly at low temperatures, kgT < I'. A
comparison between the linear conductance calculated
within the gDSO and the one from the DSO is shown
in Fig. 21, for kgT/T" = 0.2, where the linear conduc-
tance follows qualitatively the DM-NRG result, down to
kgT/T' = 0.002, where both schemes break down. The
parameters are chosen so as to allow for a direct com-
parison with Fig. 6 of Ref. [35], where the scheme EOM2
(equation of motion method) behaves similarly to the
gDSO.

4. T'-broadening of the ST

Dressing the main fermion line exclusively with the
temperature-independent bubble, namely the first term
of Eq. (166), amounts to neglecting in the DSO retarded
Green’s function the temperature-dependent self-energies
Yo+(€), see Eq. (200). The only internal process re-
tained here corresponds to the temperature-independent
diagrammatic contributions in Ref. [52]. The resulting
Green’s function is that of a I'-broadened version of the
ST approximation, where the single-particle energies ac-
quire a broadening I" due to the coupling to the leads and
reads

" _ P,
Gooler) = ; ex — E,(n) +il/2 (203)
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FIG. 22. Linear conductance within the I'-broadened ST,
Eq. (203) vs the gate voltage ep — p in the degenerate case
€ = €o. Lowering the temperature, the peaks shrink until
kgT ~ T but they do not move towards the center. Their
height grows as T~ 1. The tunnel coupling is I' = 0.01 U with
I =Tr=T/2.

This scheme is the same as the EOMO reviewed in [35],
which is derived with the EOM method. With this result
for the Green’s function, the general formula Eq. (129),
gives for the current in the ST approximation

=il Y [ delrbe) - she)
[ oy o]

c— P +T24  (c—e, U +T?/4
_elilr
Y

(1= (aa))r(eq) + (g)r(es + )]

(204)
where 7(z) is defined in Eq. (145).

In Fig. 22, we show the linear conductance G, ob-
tained by plugging the retarded Green’s function (¢ =
+1) of Eq. (203) into the general expression (130). The
linear conductance is plotted, in the degenerate case,
where €4 = €| = ¢, against the gate voltage. Decreasing
the temperature, GG is suppressed around the particle-
hole symmetry point g — pu = —U/2, the central region
between the two peaks separated by the energy U, the
separation being independent of the temperature, con-
trary to the gDSO, cf. Fig. 20.

D. An oo-tier scheme for the SIAM

From the considerations above, the second-tier approx-
imations well describe the behavior of the STAM above
temperatures of the order kg7 ~ I'. Also they capture
the onset of a zero-bias anomaly at low temperature.
However, artifacts occur when the temperature is low-
ered even further. As shown in the next sections, the
problems with the Kondo temperature Tx and the pin-
ning at the particle-hole symmetry point are mitigated
by deepening the hierarchy of internal process including
third- and fourth-tier bubble diagrams.



Let us go to the exact formal expression for ¢,
Eq. (102), and assume that the main fermion line does
not undergo crossings, which yields a diagonal irreducible
propagator in o and k. Within this assumption, the equa-
tion for ¢ becomes

¢=d¢p= [h_l

see Eq. (108). The propagator is dressed by inter-
nal processes according to the hierarchy of Eq (101)

with (Sov) — By = B, where the block [B ]xx =

Bg,n(m)égrgén/,{ is given by the contraction of a free prop-
agator dressed by all possible (irreducible) processes, in-
cluding crossings. The diagrammatic of this dressing is
in fact the same as the exact irreducible propagator ¢
itself, see Fig. 14.

As the bare bubbles of the gDSO, the dressed bub-
bles are diagonal in all indexes except for 7, inducing a
2x 2 structure to the contracted (matrix) function ¢g(x).
Along similar lines as in the gDSO, the matrix elements
of ¢ read

-B|] !, (205)

PEyn = (i) B
" [(hg,) =t = By, Jl(hg;) ! - Bgg] - BB,
(P%U’ — B%n
1M o \— Ro o \— Ro Ro Ro
[(hnn) 't Bnn”<hﬁﬁ) ' Bﬁﬁ] anan&OG)

where the bare block B has been replaced by the dressed
one B. Similar to Eq. (185), the dot Green’s function in
the oo-tier scheme reads

o 0 R
€ — €y —iCABY _ +iChBT _ ___;_C}?S[éifég],]
. ) _
€~ € — U —iChBY, +iCnBr , ot e i{ ]
(207)

As above, the dependence on k is understood. Thus,
neglecting the crossing of the main fermion line, we ob-
tain a general structure for the retarded Green’s function
by a simple 2 x 2 (block) matrix inversion. The matrix
elements of the dressed bubbles are schematized by

Here, the bare contribution (no internal processes) to the
first bubble diagram is diagonal in 7'y and is also inde-
pendent of the value of the sojourn 7, as it does not
include interactions. This bare bubble is the same as the
one of the gDSO and, in the WBL, reads B(?) = —1T/2h,
see Eq. (166). In the presence of internal processes, the
first dressed bubble in Eq. (208) depends in principle on
the sojourn 7’. This occurs when the latter has over-
lap with a blip of the o path. However, in this case

b
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the block vanishes because the overlap implies overlap of
three fermion lines of the state o, resulting in a factor
v that makes the whole diagram vanish upon summing
over v, as exemplified in the diagram (B) of Eq. (60). As
a result, this block is independent of the value of the last
sojourn 77'. The same independence of 1’ holds for the
second block, because the sojourn 7', though involved
with interactions, lies outside the block itself. On the
contrary, the initial sojourn is relevant for both bubbles
because it determines the vertex of the fermion line of
spin & according to the definition in Eq. (92). Summa-
rizing, on the basis of the diagrammatic rules we conclude
that the dressed bubble B possess the same property of
the bare bubble, namely

’

L/

Oy + Bnn , (209)

2h1
where, again, boldface objects indicate diagonal matri-
ces in the indexes o and k. Exploiting the symmetry in
Eq. (209), we can simplify the form of the Green’s func-
tion in Eq (207). In particular, the retarded (¢ = +1)
Green’s function in the WBL reads

1—<“>

gg‘a’(e) = 1
€6 iz + Y () T (210)
+ < .
U )
e—eo —U+i5 =Sy (e e )
where
(211)

= Z ivn(e)

Equation (210) is one of the main results of the present
work. The problem of calculating the retarded Green’s
function, and thus the relevant physical properties for
proportional coupling, reduces to that of determining the
retarded, dressed self-energies Y, here identified with
the off-diagonal elements of the dressed bubbles via

Yon(e) :=

The evaluation of these self-energies remains complicated
due to the inner processes dressing the bubble B?. We
next introduce an approximation scheme where the in-
ternal crossings are neglected.

B, (k)] c—t1 - (212)

1. Neglecting the crossings

In the absence of crossings, the hierarchy in Eq. (101)

simplifies to
o E
Z < n n+1V ) hn

:[hﬁl —Bnu] ',

(213)



with h,, = 1h,, denoting the bare propagator with n over-
lapping fermion lines and h,, the corresponding propa-
gator dressed by higher-tier bubbles B, = (h v). In
particular By = <h2v> = B, where hy = [h;' — B3] ™!
The dressed bubble B in Eq. (208) is then schematically
described by the following sum of two contributions

By, = B7) + BT
By, =BJ'7 + B

(214)

Il
:

2
2
)

'

n —h2 !

Here, the white rectangles indicate the dressing of the
propagators hs with two overlapping fermion lines by
iteration of third-tier bubbles. Specifically, the dressed
bubble of type (o) is given by the following contraction
of a dressed propagator with 4 x 4 matrix structure in

n= (%"7)

B =S "0 v

v v’

(215)

where flg(a) is obtained by dressing the bare propaga-
tor 1h3'”), Eq. (163), with the third-tier bubble B,
namely

flg(o) _ [[lhg(o)]—l _ Bg(o)} (216)

The third-tier bubble Bg(a) is in turn given by the sum

//§ R
B, = o)
M ~ (g5 / v -t (o0)- /
17/7 -hi(i >- r/l/ N _h3 7 (217)

=(03 0 ) + V(S

The prefactor v'v in the second term, which displays
overlap of three fermion lines of spin o, stems from the
diagrammatic rules, see Egs. (53)-(55) and also Eq. (H5).
Note that these third-tier bubbles can in principle change
the occupation state of both spin degrees of freedom. As
a result, they capture spin-flip process, which are virtual
processes by which the state of the dot with single occu-
pation changes spin due to multiple (virtual) transitions
as for example in

t— (1) —

We anticipate that, since in the SIAM we deal with two
degrees of freedom, the 4 x 4 structure of Bg(a) is the
largest in the hierarchical analysis. ~

The other second-tier bubble in Eq. (214) is B7(®). Tt
is calculated as the contraction of a dressed propagator
which bears no structure in the sojourn indexes

0’(0) <Eg(0)v_n> ’

By (218)
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where Eg("’) is obtained by dressing the bare propaga-
tor h'”) in Eq. (164) with the third-tier bubble BS*)
according to

B = 3@ - B3] (219)
The third-tier bubble entering this equation is
—_— R
By = /ﬁ + 1)
TRy by (220)

=2 B 2 Zhgﬁi’ 7

Note that also the bubble f’)g(a) has no structure in the
sojourn indexes. Moreover, we have included the sums
over the sojourns internal to the bubbles in the defini-
tions. ~

In turn, the propagators hs in Eqgs. (217) and (220) are
given by dressing the bare propagators hs with overlap
of three fermion lines with the fourth-tier bubbles By,
namely

- _ 1-1
h; = {[hsrl - 34} ; (221)
where we made no reference to the spin of the fermion
lines. _

The task of finding the dressed self-energies ¥, (¢) has
thus been reduced to the evaluation of the dressed bub-
bles B3 together with the inversion of the 4 x 4 matrix in
Eq. (216). The hierarchy of internal processes proceeds
similarly for higher overlaps of fermion lines. Note that
the dimension associated to the matrix structure in the
sojourn indexes varies between 0 and 4 (never exceeding
this upper bound in the STAM) according to the number
and the spin of the overlapping fermion lines.

E. Fourth-tier scheme: gDS04

Up to this point, the description of the hierarchy of
diagrammatic contributions to the second-tier bubbles,
namely to the self-energies, see Eq. (212), is exact, within
the approximation of neglcting the crossings. The trun-
cation of the hierarchy in Eq. (213) to the level n = 3
gives rise to a fourth-tier scheme where ﬁ4 = h,, namely
B4 = B4.

The fourth-tier bubbles B, are the same as the gDSO
second-tier bubbles By, , see Eq. (166), except for the
additional layers of fermion lines, and the products of so-
journ indexes associated to the overlap of three fermion
lines of the same spin. The 4th-tier bubbles dressing the



propagators hz in Eq. (217) are schematized as
— Q
7 Q —
4,v'v
: v Y S g
:Z<hz7(:"z6)vn> + V/]/(ha(oaa) )
n (222)
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Analogously, the propagators hs in Eq. (220) are dressed
by the fourth-tier bubbles

@r _______________________ L),
—Z
BI"7) = Q +
— Z(hz,(f,f]g)vu

v
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41/1/

)+ )

Note the prefactor 'n in the last line which is absent in

Eq. (222). The structure of the dressed propagators fléa)
is the same as the one of ¢gPgp, see Eq. (206), and their
matrix elements read (we omit the reference to the spin)

hol — B,

Bg 3 nn »17
M T — —
[hS an 77777] [hB N7 B4,7777] - B47”7’7/B477771
- Bys
hs 7y =— m—L L .
e [h3 mn B4,m7} [h3 7 B47ﬁﬁ] — By niBa,in
(224)

Finally, the bare propagators with overlap of three
fermion lines are diagonal 2 x 2 matrices with elements

oK
— 0K

ho(o’&) T NGoky ih(su’v

3w v Cler — €ry) + Colen, — Es(v)] +10F
ha(o’o’) _ Qg:l’ _ ih(s"?”?
BN T e Cler — €xy) + Colen, — Ex(n)] +i0+

(225)
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and

ho(&a) T o ihd,,,

3wiv T v Clew — €xy) + Gulen, — E5(v)] 4107
poleo) _ T R0y
S , Ci(er, — €ry) + Clex — By (n)] +10T
(226)

where E,(n) =€, + (1 +n)U/2.

In what follows, we consider a simplified version of the
fourth-tier bubbles that dress the above bare propaga-
tors. This is done in order to obtain an approximate
fourth-tier scheme easier to handle for analytical evalua-
tions.

1.  Approzimate treatment

To provide an approximate, analytical treatment that
improves on the gDSO, we start by considering a sim-
plified version of the propagators hs. Specifically, we
neglect the second terms in Egs. (222)-(223). This ap-
proximation yields, for all the 4th-tier bubbles, the simple
result By = —I'/(2h)1, where 1 is the two-dimensional
identity in the index i or v. As a consequence, the bare
propagators in Egs. (225)-(226) simply acquire a broad-
ening I'/(2h) and the dressed propagators in Eq. (224)
become diagonal, as the off-diagonal parts of By are dis-
regarded. As shown in Appendix J, the resulting third-

tier bubble Bg(”) in Eq. (217) is approximated by
r
g_zi 1 71 o Faa(V)
h 2 27TkBT
@
r
/
- e 71
v Vza: W P (
(227)
where Fj; o(n) =: Ex(n)—po—il'/2 and E,(n) = €, +(1+

n)U/2. Similarly, the third-tier bubble BJ'”), Eq. (220),
is approximated by
Rs.a(v)
27T]€BT

Bz<”>:—z[—z ot (141
S )
—;[—z iz:é?)
- SR (54
(228)

where R, (1) =: CC1[Es(n) — pta] —iI'/2. Here, ¢ and (3
refer to the main and to the first internal fermion line,

Ba(a)

3,n'n 51/’1/

Faa(n) 5
27TkBT e

(
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FIG. 23. gDSO4 linear conductance vs the gate voltage for
three different temperatures: kg7 = 0.04 U (upper panel),
kT = 0.003 U (central panel), and kgT = 0.0004 U (lower
panel). Degenerate case, €, = €, and symmetric coupling to
the leads I'y, = I'r = I'/2, with I' = 0.2 U. The parame-
ters are chosen to allow a direct comparison with the results
of [35]. The Kondo temperature, Eq. (235), for this choice
of parameters is kgTk ~ 0.005 U. The gDSO4 conductance
has a very weak dependence on temperature in the lowest two
panels, a hint that the Fermi liquid regime is approached (see
also Fig. 25). However, in contrast to the DM-NRG curve,
the unitary limit G = Go is never approached.

respectively.
The resulting dressed second-tier bubbles satisfy the
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FIG. 24. gDSO4 linear conductance vs the gate voltage for
three different temperatures: kg7 = 0.04 U (upper panel),
ksT = 0.003 U (central panel), and kgT = 0.0004 U (lower
panel). Degenerate case, €, = €, and symmetric coupling to
the leads I', = I'r = I'/2, with ' = 0.4 U. The parame-
ters are chosen to allow a direct comparison with the results
of [35]. The Kondo temperature, Eq. (235), for this choice of
parameters is kpTx ~ 0.05 U.

properties

Ro(6) _ Ro(a)
and B =By, (229)

)

Ro(o) r 50 (o)
Bn/n = _ﬁ(sn’n + Bfm

see the appendices K and L. Thus the sum Bg]’n = BZ,(Z )+

Bf’,(g ) respects the property given in Eq. (209) with the
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FIG. 25. Temperature dependence of the gDSO4 linear con-
ductance at the particle-hole symmetry point e —pu = —U/2.
Degenerate case, €, = €, and symmetric coupling to the leads
I't =Tr=T/2, withT' = 0.2 U (upper panel) and I = 0.4 U
(lower panel). The red dashed lines are at the values of the
Kondo temperature Tk given by Eq. (235) while the vertical
solid lines correspond to the three temperatures considered in
in Figs. 23 and 24. Consistently with the DM-NRG results,
well below Tk the gDSO4 curves depend only weakly on the
temperature. However, the unitary value Go is not attained.

general non-crossing scheme. The corresponding dressed,
retarded self-energies 2557)(6) = ihB%,(f)(/f)k:H entering
the general expression for the Green’s function, Eq. (210),
via

S0y =SG5S and Y S,,=5,,

n

are calculated in Appendices K and L. The dressed self-
energies have the property

Zian(e) = —il’ )

see Egs. (K29) and (L6), the same as the one obeyed
by the bare self-energies in the gDSO, Eq. (188). There-
fore the gDSO4 retarded Green’s function, whose general
noncrossing-approximated form is provided in Eq. (210),

(230)
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reads
1 — (fg)
e =€ +iT/2+ S0 (€) m—Hrm7s
()

+
e—€, —U+il'/2 — X, ()

Goo(€) =

(231)

v
e—ex+i3T/2

The important difference with the gDSO is that the self-
energies are now dressed by higher-level processes, and
specifically by 3rd-tier bubbles, see Egs. (215) and (218).
This crucial feature, lifts the pinning problem at the sym-
metry point p — eg = U/2, as the self-energies remain
temperature-dependent. R

Using the sum rule )7 %,,(e) = —i', we can give
the retarded Green’s function solely in terms of the self-
energy Y,—. Consider the degenerate case, ey = €| = €q,
at equilibrium, pur = pr = p. As for the gDSO an
the DSO, a zero-bias peak in the conductance appears
for temperature below a certain value T = Typgo4 for
which the real parts of the denominators vanish, caus-
ing a peak in the density of states —Im[G7  (u)]/m. This
condition is

(1 —€0)(p— €0 — U) =31 /4+ U Re[Sy ()

T*] =0 ’
(232)
which is formally the same as for the gDSO, except that
here the self-energy is dressed. Assuming that the pa-
rameters are such that the dot is close to the center of
the Coulomb diamond, i.e. g — u, U —eg + p > T', we
can approximate the self-energy in order to obtain a sim-
ple expression for the Kondo-like temperature from the
condition in Eq. (232). From Eq. (L4), retaining the first
term for sufficiently large U, the real part of the self-

(@)

energy 207_ is the same as in the gDSO, cf. Eq (195),
~ (5 r U
5@ ~—1] . 2
e[S (0] 25108 (57 ) (239)

As shown in Appendix K (see Eq. (K31)) the retarded
self-energy of type (o) is calculated to be

. r or
5() ~ 1 )
o, (1) = 7 log (27rkBT>

and the resulting value for the Kondo-like temperature
T = TgDSO4 is

2023, h—epdu—ca—1)
( ) 471-%

keTgpsos = 51 /a07¢ ;o (234)

which essentially reproduces the result of [41]. The result
of the simplified gDSO4 deviates from the true Kondo
temperature Tk [5]

kT — \/UF€7T (e=co)lu—co=U) ’

2

with limy 00 kTk = /UT/4dexp[—7(pn — €)/T]. This
deviation could be ascribed to the fact that, in the dress-
ing of the third-tier bubbles, only diagonal contributions

(235)



yielding a simple structure were included. Diagrams de-
scribing spin flips involve the fourth-tier bubbles in the
second column of Egs. (222) and (223), which were not
considered here. Including these contribution would im-
ply the possibility to change both spin states, a fea-
ture which is arguably relevant in the low temperature
regimes where spin-flip processes are dominant. Within
the scheme set-up above, i.e. the simplified gDSO4, spin-
flip processes are still captured by the dressed bubble
B?(?), but require both diagrams in Eq. (217).

In Figs. 23 and 24, we show the linear conductance cal-
culated within the simplified version of the gDSO4 con-
sidered here, for I' = 0.2 and ' = 0.4 U, respectively.
In both cases we consider three values of the temper-
ature. The simplified gDSO4 reproduces the DM-NRG
curve quantitatively until temperatures slightly above T
over the whole gate voltage range. After that, the con-
ductance has only a weak temperature dependence, as
expected in the fermi liquid regime [4]. However, it fails
to reproduce the saturation predicted for the STAM to
the plateau value Gy = 2¢2/h for T — 0. We notice that
the gDSO4 has a better qualitative behavior at the larger
value of . As in Fig. 21, the parameters of Fig. 23 are
chosen so as to allow for a direct comparison with Fig. 6
of Ref. [35], where different approximation schemes, some
of which are derived with the EOM technique, are con-
trasted with the NRG results. Finally, Fig. 25 shows the
linear conductance at the particle-hole symmetry point as
a function of the temperature, for both values of I'. In the
limit T — 0, the gDSO4 displays a saturation at values
lower than the correct value Gg. A quantitative improve-
ment to the gDSO4 results is expected by inclusion of the
off-diagonal contributions in the fourth-tier matrices By.
Notice that, while the theory is applied here for simplic-
ity to the linear conductance in the degenerate case, it
has no limitations in describing the nondegenerate case
and/or the presence of a voltage bias.

X. CONCLUSIONS

In summary, we have illustrated how the Feynman-
Vernon approach, well-known in the study of the dissipa-
tive dynamics of quantum particles in bosonic environ-
ments [62, 77, 80, 93], is also a useful tool in the context
of nonlinear transport in interacting nanojunctions. Inte-
gration over the reservoirs degrees of freedom enables one
to obtain an exact path-integral representation for the re-
duced density matrix and the current for a general open
system connected to several leads. Dealing with fermions,
the path integral is given in terms of fermionic coherent
states. Here, the Feynman-Vernon influence functional,
a functional of the system paths, accounts exactly for the
effects of the leads on the system’s dynamics. While the
residual integration over the Grassmann variables can be
easily performed for noninteracting systems [15], this is
no longer the case when local interactions are present
in the nanojunction, a situation which is the topic of our
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work. In its first and general part, we show how this diffi-
culty can be overcome by expressing the path integral for
the propagator in the occupation number representation.
This allows for a systematic expansion of the Feynman-
Vernon influence functional in the system-leads tunneling
amplitude and its diagrammatic characterization. The
diagrammatic expansion is carried out for a general sys-
tem provided that the tunneling matrices are diagonal in
the system’s states, meaning that the tunneling is state-
preserving. In practice, we exclude from the discussion
situations like those of non-collinearly polarized leads, or
when orbital coherence is important [82-84, 86-88, 94].
This assumption enables us to consider exclusively the
populations of the nanojunction. Since, due to Pauli ex-
clusion principle, a single fermionic degree of freedom
can only be empty or occupied, we exploit this ”two-
level” character to parametrize the propagator paths in
terms of ”blips” and ”sojourns”, in analogy to the spin-
boson model [77]. The diagrammatic contributions to the
propagating functions for the populations are summed to
yield a formally exact generalized master equation for the
RDM diagonal elements. Similarly, an integral equation
for the current is derived. In the last part devoted to the
general formalism, we give hierarchical diagrammatic ex-
pressions for both the kernels of the GME and the one
in the integral equation for the current, a major result
of the general part. Due to the novelty of the approach,
we have reported crucial steps of the derivations in nu-
merous Appendices. This allows non-expert readers to
get acquainted with some mathematical intricacies. At
the same time, readers not interested in the elimination
of the Grassmann variables, can start from the diagram-
matic rules discussed in Sec. IV and continue with the
derivation of the GME.

In the second part of the work, the formalism is ap-
plied to two important archetype models: the exactly
solvable RLM and the SIAM. Due to the vast literature
on the topic, we found it important to show how seem-
ingly different treatments or approximation schemes can
be reconciled within our formalism. For example, the
nonperturbative resonant tunneling approximation pro-
posed in [47] is soon recovered by truncating the hier-
archy in the RDM kernel to the second-tier. Also, the
famous Meir-Wingreen formula for the SIAM retarded
Green’s function, derived with the equation of motion ap-
proach [39], is obtained here within a selection of second-
tier diagrams, which we call generalized dressed second
order (gDSO).

While the resonant tunneling and gDSO approxima-
tions already capture the onset of the Kondo zero-bias
anomaly upon decreasing temperature, they both have
some drawbacks that can be overcome only by going to
higher oder tier treatments. To this aim we develop first
an infinite-tier approximation, whereby the evaluation of
the SIAM Green’s function is formally reduced to the in-
version of a 4 x 4 self-energy matrix. Being interested
in analytical solutions, we investigate the outcomes of
our approximation within a fourth-tier scheme dubbed



gDSO4. Here, the Green’s function self-energies become
dressed by virtual tunneling transitions. This allows us
a complete analytical treatment of the SIAM from high
temperature down to temperatures of the order of the
Kondo temperature Tk for moderate interaction. The va-
lidity of the gDSO4 in this parameter range was checked
for the equilibrium SIAM against exact numerical renor-
malization group simulations.

An exact treatment of the gDSO4 scheme, fully ac-
counting for the fourth-tier diagrams, seems required to
satisfactorily describe the SIAM current-voltage charac-
teristics. This amounts to inverting the 4 x 4 matrix
Eq. (215) and performing the contraction to obtain the
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sought dressed self-energy. However, such task goes be-
yond the scope of this work and we leave it for future
investigations.
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Appendix A: Path integral expression for the system propagator

In the absence of an external time-dependent driving, the propagator for the quantum state of the full system, from
the initial time %y to time ¢, reads

Ult,tg) = e #H 1) (A1)

with H the complete Hamiltonian of the transport setup, Eq. (1).

A path integral expression for the reduced density matrix of the central system can be obtained in the coherent-state
representation [70]. The fermionic coherent states for the central system are defined as |§) = exp(—)_, giah)lo) =
[1, exp(—€%al)]0;) = TI,(1 — €%al)]0;) = T1,(10:) — €[13)), where the Grassmann variables & = (...,&%...) and
& = (...,£",...) have one component for each electronic state i defined by a;|¢) = £°|¢) and (£|&ZT = (&|¢™*. The
Grassmann variables obey the relations {£%, &7} = {£%,£7*} = 0, meaning that (£/)2 = 0. Analogous definitions hold
for the leads’ states |¢) in the coherent-state representation. Using the notation from Cahill and Glauber [71]

[#¢= [agrae . [@e= [[[ee, ad gg=Y e (A2)

the identity in the Hilbert space of the central system reads

1= / d2ge ¢4 1g) (¢ . (A3)
The over completeness of the set of coherent states is manifest in the overlap between coherent states
(€algp) = e & (A4)
The trace of an operator in the coherent-state representation is
Tr{A} = / e ¢ (~¢|Alg) (A5)
and the Gaussian integrals are performed via
/d2£e_5*'M"5+"*'§+5*'¢ = det[M]e"*'M71'¢ . (A6)

Assuming the factorized initial condition piot(to) = p(to) ® pleads for the total density matrix, the matrix element
(&,lp(t)]€,) in the coherent-state representation of the system RDM p(t) is given by the following trace over the leads

(€alp(1)1€4) =(€a| Tricaas {U (£, to) prot (to) U (¢, t0) }Ep)
T (A7)
:/d ¢ e P(—€,0|U(t, t0)p(to) @ preads(to)UT (¢, 10)|PE,)

where |¢) is the state of the leads in the coherent-state representation. At this point we apply the standard procedure
of dividing the time interval ¢ — ¢g into K small intervals of length §¢ and introducing the identity for the composite
system

fe= /d2€(tk)d2¢(tk) e & ) &) o= OT () PR | (1 )€ (1)) (€ (b)) Bt )| (A8)
at each time instant 3, both in the forward and in the backward propagators U(t,to) and UT(t,t). This results in
(Ealp(t)l&,) = / P e / A€o0 pod’Egd’ Py e~ 808080 C0 =95 0= P

X (=Ea@|U (t,t0) | o€} (EoPolp(to) @ Preads(to)|Po€o) (€0 @olUT (. t0)[@0E,) -

Explicitly, setting £ (tic1) = €5, &t 41) = &, (Strcs1)| = (—), and [B(txc11)) = |¢), the path integral expression
for the matrix elements of the forward and backward propagator read

(A9)

K
(—€,9|U (¢, t0)|po€o) = / [ #&(tr)d®p(ty)ee ) el =o7 () ot
k=1
K+1 _
« H & (tr)&(tr—1)+" (tr)-b(th—1) o= 5 HIE" (tr),®" (k)& (th—1),P(tr—1)]6¢
k=1

(A10)
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and
K
EdolU"(010)/9) = [ [ CE()E(tn)e € 08006 w0 b0
k=1
Kol (A11)
> H eﬁ (th—1)-E(tr)+@" (th—1)- d)(tk)ehH[E (th—1),®" (te—1),&(tr),P(tr)]5t ;
k=1

respectively. Collecting the above results, we obtain the matrix element of the RDM at time ¢

(€alp(t)I&s) = /dgéonEOJ(ﬁi,Sb,t;£o7§37to)<€o|p(to)|fo>, (A12)
where the propagator has the following path integral expression
. £ & . I e =
T (&0, 15 €0, €0, 10) = / DE | Dg e#lSsEOmSEOIF (g ¢,€7€). (A13)
0 &

Here, the integration measures of the Grassmann-valued paths are defined by [ D¢ = [ Hszl d¢rdg, and [ DE =
J Hszl dé:dé x- The functional containing the action of the central system is given by Eq. (5) of the main text. The
Feynman-Vernon influence functional F(£*,&,€",€) = exp[®(£*,€,€",€)] is a functional of the Grassmann-valued

paths of the central system which encapsulates the dissipative effect due to the coupling to the leads. Its phase
reads [15, 63, 72]

P76, € €)= — Z / dt' / A" [giy (¢ — )€ () (1) + Gy(t — 1")E (t)E ()]
g e T (A14)
_ Z/ dt’ / dr" {g” " // fz*( /)fj(t”) _ 9+,ij(tl _ t”) [51*(75/) + gi*(t/)] [fj(t/') + @(t”)] }’

with the temperature-independent and temperature-dependent correlation matrix of elements g;;(t) and gy ;;(t) de-
fined as

1 * — i
g”(t) ZEE tiaktjakaoe T Cart
ako
Al
! * a —Leqgnt ( 5)
g+ (t) :ﬁztmkatmkoﬁ(ék)e heart

ako
respectively, where f¢(ej) = [L + ePa(¢ak=#a)]~1 j5 the Fermi function of lead a. We also define
9 (1) '—gij( ) = 9+.5 (1)

h2 E tzak:o’ Jak;g' Gk)e R

ako

Leart (A16)

where f%(ex) :=1— f(ex).

Appendix B: Phase of the influence functional

The terms in Eq. (A14) can be rearranged in a convenient manner
D(E",6.E €)= Z/ dt’ / dt"” [gij (¢ — )€™ ()€ (") + G5 (¢ — ") (1) ()]
+Z/ dt'/ @t (g1t — )€ ()E () + g g — 1)E" () (") (B1)
7t to

+ 94 (t/ - t“)fi* (t/)gj (t//) — g i (t/ _ t//)gi* (t/)gj (t”)} .
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Further, exchanging the order of integration and using the relation g;;(—t) = 95 (t), see Eq. (A15), the influence
phase in Eq. (B1) can be cast in the following compact form

t t
HELE O =T [ d [ d gt 0O + Gt —NE N9 )]
ij 0

+Z/ dt//t dt” [ng,ij(t/ —t”)fi*(t/)fj(t”) +g+,ij(tl _t//)gi*(t/)gj(t//)
)E (") = g (t' — ”)5 ( )fj(t”)

+ 40 (t —t)E" (¢
1Y ¢k t/ £J

+ 95 =) ("

t t/ . . —_ —_
—= 3 [ [ gl - eI - gt - 06O )
Z] to to

— g if (" = EEF N () + g iy (' — ¢)EF(11)E (1) (B2)
_ gi,ji(t/ _ t//)fi* (t//)gj (t/) + gi ji(t/ N t”) _i*(tll)é-] (t/)
= g4t —tEFANE () + g7 4t —t)EF([E)E (t')

- / dr / At € () & (1 —1") - £0") + &) - (1 — 1) €°()
—&(t) - gn (' —t") & (W) - & () g (' — ") - E(t")
FEW) g (1) £+ EW) g (1) €
¢

—E(W) g (!~ ") E (W) — € (W) gV — 1) - EW)]

/ dr / at" © & (gt — e (1),
to to

T,y 2= :|:1

where we used the anticommutation property of the Grassmann variables and Eq. (A16). In the last line, we established
the notation

Ehi=¢, ¢1=¢, ¢=¢ ¢1=¢,
+1

_ . _ . (B3)
gii=g:, g/i=g,, gli=g., gi=g".

Equation (B2) is the form of the influence phase used throughout this work.

Appendix C: Leads’ force operator correlation function

The correlation functions g4 ;;(t) are related to the correlation function of the (fermion) baths force operator which
appears in the quantum Langevin equation for the dot operator a;(t). Indeed, given the full Hamiltonian Eq. (1), the
Heisenberg equation of motion for the leads’ operators ¢oko(t) = i[H, Cako (t)]/F is solved by

. 1 t B 7
Cako’(t) _ cak(f(t())e—%eak(t—to) _ %Zt;ako/t dt' e ear(t—t )aj (t/) - (Cl)
J 0

Plugging this result in the Heisenberg equation for the system operator a;(t)

1
:ﬁ[H& az thakacaka

ocka
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we obtain the quantum Langevin equation

i

ai(t) 5

1 " ¢ e (t—t 2
[H87ai(t)} - ﬁ Z tiakatjaka/ dt'e™n ak{i= )a’j(t/) + Cz(t) ) (03)

jako t

where the baths force operator reads

p i e (i—
Cz(t) = *ﬁ Ztiakae h anlt to)cakd(tO) ) (04)

ako

see, e.g., Ref. [95]. The correlation functions in Eq. (A15) are thus related to the correlation function of the baths’
force operators via

(C5)

Appendix D: Path integral representation of the current and the Green’s functions

Consider the current on lead [. Using the definition f! (ex) := 1 — f! (ex), the current functional 7 in Eq. (13) can
be rewritten as

(€, €,.€) = - /t dt’ {&" (gt —t)E(t) — € (g4 (t — t)[EX) + &M} (D1)
where
[81(t)]ij = [8+,1(t) + 8- 1(t)]ij :% Ztilko‘t;lkaei%ewt : (D2)
ko

With this expressions, recalling the relation between the operators a; and the corresponding Grassmann variables £°,
the current I;(t) = —2Re Trg[A;(t)], with the path integral representation of A;(t) given by egs. (11) and (12) , can
be seen as the path integral representation of the following trace over system and leads degrees of freedom

Trsl ()] =~ 3 /t t dt’ {gw(t — ) Trior [a]U(E)a;U (¢ o) pron (t0)UT (8, to)]
= gais (t = ) Trian [alU(#)a,U (', t0) pron (10) U (2 t0) + @l U (£, ) (t)U (¢, t0)a,UT (1, ) }
= At (gt = #){al (Das()) = g1.ais (¢ — ) {al (1), a5(¢))] (D3)
:ihz /t: dt’ [guj(t — )Gt —t) — gaui; (t — )G (' —1)]

=in [t Tl ) G5~ 0) ~ gl — ) 6" ~1)]

to

where the last trace is in the matrix sense. The lesser, retarded, and advanced Green’s functions are defined by

[G=(t',1));; =i(al(t)ai(t)) /R,
G7(t,t))i; = —10(t — ') {ai(t), al(t)}) /1,
[G°(t, )5 =[G (', )];5

=i0(t' — t)({al (), a:(t)}) /11,

respectively. Note that the Heaviside function is already taken into account in the time integral that guarantees the
ordering ' < t.

(D4)
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Appendix E: Two leads and proportional coupling

Let us confine ourselves to the case of diagonal correlation matrices g ,. Having diagonal correlation matrices
implies that, in the continuum limit,

[ =2 Z an’ zao ‘2611 .

In a typical transport setting, the system is connected to two leads, & = L, R. In the case of proportional coupling,
the tunneling coefficients in the Hamiltonian are related by t;rs(€) = \/Yir/ViL tiro(€) wWith v,z +vig = 1. Since
I° = —I, the current Iy, is asymptotically equal to the current I(t) = > ,[virlir(t) — virLir(t)] which we can
directly write as

I(t) = e2Re Trs[A(1)] . (E1)

The path integral representation for the dot operator with diagonal elements A;;(t) := vipAiir(t) — Viir Aiir(t) is
formally the same as the one in Eq. (11). The current propagator J* for A(t) is similar to J;/, Eq. (12), the difference
being the functional Z(£*,&,£) in place of Z;(£*, €, €), where

I(€".&.6) = / dt’ € (1) [virg+,u(t — ') = virgrur(t — )] () + ()] . (E2)

Here we used the property f®(e) =1 — f{(e) in the definition of the correlation matrices. In the calculation of I(t)
for proportional coupling, the temperature-independent term involving the lesser Green’s function in Eq. (D3) drops
and

Trg[A(t)] = Z VirAiir(t) — viL Aiir(t)]

i

t (E3)
- 1h2/ dt' [Virgtuir(t —t') = virgyun(t —t)] G5 — 1) .
i Jto

In the continuum limit Y, — > [ degas(€), with ga,(€) the density of states in energy space of lead a. We define
I'(e) =T'(e) + T'g(e), so that, for proportional coupling, Eq. (E3) reads

I(t) ‘ ’YZL%R / f+ ( )} Im |:Fii(6) /t ar’ e‘%e(t—t’)g%(t/ . t) . (E4)

to

Asymptotic limit
In the limit ¢ — ¢y — 0o, the time integral in Eq. (E4) yields the Fourier transform with
’Y’LL’YZR a
O [ delrbe - s g ) (B5)

Taking into account the definition of the matrix I'(e), the current formula (E5) coincides with the well-known result
of Meir and Wingreen [21]. We have

’)’zL%R / f+( €) — ff(e)] Fii(ﬁ)%lm Gi(e)

=< ; / de [f£() = f(0)] [m] H““ %“)] |

where we used the relation Im G%(¢) = —Im G, (e).

(E6)
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Appendix F: Integrating out the Grassmann variables in the STAM

In this appendix, we show how to trace over the Grassmann variables associated to the paths of the central system
for specific instances of paths. This procedure yields ultimately the diagrammatic rules that can be traced back to
the anticommutation property of Grassmann numbers. First, we exemplify the procedure for the simplest case of a
central system consisting of a single, spinless level, the resonant level model. Then, we make the calculations for the
more involved case of the single impurity Anderson model. Here, due to the Coulomb interaction, the phase associated
to the action of the dot in the path integral expression for the propagator produces the phase factors that couple the
diagrammatic contributions stemming from the individual spin paths.

In order to perform specific calculations we employ the formula that connects the coherent-state representation of
the propagator for the populations to a given order m to the corresponding occupation number representation

Tu(t:to) =TL(n")IT; (n) / o2 E0T ") (5, €4t €0, €0, to) (Eoln) (&) (F1)
where n = (...,n%,...) with n® = 0,1. The projectors are defined by
N . .
On) =[]0 (n), T (n) =[] 0™ (n), (F2)
i=1 i=N

with

wo = [are, w= [, 0= € - [ (F3)

Resonant level model

In the RLM, the central system consists of a single, spinless level with energy e. We start by considering in full
detail specific instances of paths with low number of transitions, situated in the forward and backward paths. In this
case the occupation of the level is the single degree of freedom of the central system. Let us use Egs. (F1) and (F2)
to evaluate the contributions to the propagator at different orders in I' given by specific instances of paths.

According to Eq. (15) we have

(€0l0)(0l&0) =1 and  (&o[1)(1]é0) = £7€ .
To order zero, using Eq. (5) and defining p := —iedt/h

TS (t o) =TT, (0)TTZ (0) / 2&0d*E0 T (€, &yt €0, 5, 10)(€0]0) (010)

N . N+1 B B
= / N1 EN 106 1 E i [[ dP€nd®Enene G T efabnrpn cfimabnrs
n=0 n=1 (F4)

N
Z/di+1§N+1d§7v+1§7v+1 H A&, d?E e ntnetntn
n=0

=1

)

with &4, = & and {41 = &. Here we have used the property exp(¢)) = 1+ 1 and Eq. (14). These properties
imply that, for all n, the terms in the rightmost product contribute as 1, otherwise there would be either products
of same Grassmann numbers (42 = 0) or integrations not compensated by the corresponding Grassmann numbers in
the integrand ([ di» = 0), see Eq. (14).

On the other hand, along the same lines one can see that a path with no transitions cannot join two states with
different occupation, namely

I8 (1 t0) =T, (1)ITE (1) / 2E0d2E0 T O (&, &, t: €0, €5 10) (£0]0) (0] E0)

. N e g AL fos o (F5)
:/di—dejv-H H d2§nd2§ne_§n£n€_§n£n H efnén—1Pn &5 _16npy,
n=0 n=1

=0,
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where, again, we used the properties of the Grassmann integrals, Eq. (14). In the following we associate the color red
to the tunneling times and the colors black and blue to the sojourn and blip times, respectively. These are the time
intervals when the RDM is in a diagonal (resp. off-diagonal) state, see Fig. 5.

Going to first order in I', we first consider the path in Fig. 26(a) with tunneling transitions in the forward branch.

(a) J— — (b) A . .

5 p 5k §k+l 5m—l m m 60*50 gk*‘fk fr: ém é]:éN
&6 - Glibrls] o€l ER& ~ 6 .

E > > 6 F £* F x| |ExF = T [T FE = Fx
&& gkfk* gm Er: §& &&o gk-lfk-lfk SN fm_lfmfmﬂ&nﬂ = ENEN

sojourn (00) blip (10) sojourn (00) sojourn (00) blip (01) sojourn (00)

FIG. 26. Two examples of paths with two transitions, either in the forward (a) or in the backward (b) time branch. The
Grassmann variables boxed in red are the ones appearing in the influence functional for the examples of paths considered.

Note that we use the same time direction for the two branches with the consequence that £ and £* creates and annihilates an
electron in the dot, respectively.

Specifically, an electron is created in the central system at time t; and subsequently annihilated at time ¢,,. The path
is thus identified by the sequence £, &y, see Fig. 6. Using the preliminary results

I1 . =d€Z< I1 dsn_ld&) A&

n=~k n=k+1 (FG)
m B k B B k+1 o B

[T @6 = 1] %6 = 48, (H dfnd&l) dé. ,

n=~k

n=m n=m

the contribution from path (a) in Fig. 26 is obtained as

T 4ot to) =1, (0)IT(0) / de0d* 60T L) (€0, &t 60,65 10) {010 (0160)

t tm B ~ N B . -
= [dtn [Tt [ denndeivogivn [ Padbe Soe e
to to

n=0
N1 o
% H eEnén_lpneén_lénpngm[_gi(tm — ))&
n=1

t tm B _ N R i N i
— / dtpm / dty, (g% (tm — t1)] / A i1 deniibni&i [ e [[ dne 6 T dne e
to to n=0 n=0

n=m-+1
xdiiﬁ( 11 dsn_ldf;i) d£< I1 f;:fn_lpn> EméT

n=k+1 n=k+1
t tm m
= [atw [t gt ttn - 0] T] b [ deidentnts
to to n=k+1 S

=1

t to .
— / dtg/ dtl [—gj_(tg — tl)]e_%e(tz_tl) .
to to
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Similarly, the contribution from path (b) in Fig. 26 is
T3 0t to) =TT, (0)IT;(0) / dPeod*E0T ) (€560, 15 €0, €5 10) (€0]0) (0]€o)

t tm B _ N B . -
= [atn [ " dt [ devirbviidsiongion [] P e b
t() t() n=0
N+1

X H e&;fnflpnef:zflfnp:lé;kn g+(tm _ tk:)gk

n=1

t t’IYL _ _ N .
:/ dtm/ dty, g (tm _tk)/dgl*\’+ld£N+1£N+1£}kv+1 [[ ¢ 55
% to n=0
k—1 B o N B o k+1 o B mo B o
x [ d?&ne s [ d*&netnénds;, (H dfnd§:_1> dfsk( 11 fz_lgnp;:> 3
n=0 n=m+1 n=k+1

t tm
:/ dtm/ dtk g+(tm — tk)
to to

t to .
—)/ dtg/ dtl [—g+(t2 —tl)]eée(tzitl) .
to to

n=m

1 » [ a6
n=k+1 —_—
=21

Hence, the two propagators for the specific paths (a) and (b) are the complex conjugated of each other.
Next we consider the two paths contributing to J(l)(l, t;0,t0) which are depicted in Fig. 27.

© : . @ e
—»—tkl &cbin N 13 O S S S

E * * > * *

G5 - Gl P Go&6 - &t

E — s — —— n\_ Em EnH] gN &N E ty E*Ek-#] g:ilgm f_N* EN;]
&&o &é& £m-]€m-l &8 - §_k.1£_1:1

L

sojourn (00) blip (10) sojourn (11) sojourn (00) blip (01) sojourn (11)

FIG. 27. Paths with two transitions, one in the forward and the other in the backward branch. The boxed Grassmann variables
in red are the ones appearing in the influence functional for the examples of paths considered.

The contribution of path (c¢) is evaluated similarly to those of paths (a) and (b). Explicitly

J{ 10t to) =TI, (D)TI (1) / dEod* &0 T3 (€5, &, t: €0, & 10) (€0[0)(01E0)
t tm ~ N _ o NAl s o
= [t [ "t [ denirdgion [ P ione e ] eioomeSiabnic, g (b, - )l
to to n=0 n=1

t tm B k—1 § m—1 ~ .
- / dt,, / ity [~ (tm — 1) / dEn1deiyyy [ d2ene 8 [ d26ue S
to to n=0 n=0

N N
xd&:( 11 dgn_ldg;:> d@( 1T s;:,fn_lpn> Exr1ENDN 11

n=k+1 n=k+1

m-+1 N
X dg}:z <H dfn,dg:—l) dgm < H f:,_1§np:L> g?véN+1p7v+1gmf;

n=N n=m-+1



/ dtm/ dty | g+ m — k) /Hd2§ e~ &nén H d2§ e—nén
N
X ( 11 dﬁn_ldf:;> ( 11 s;;gn_lpn) PN+1
n=k+1
m—+1

n=k+1

m N
(H dgndg: 1) ( H 5; 1§np;§> p*N-'rl/dEngmgmf;

n=m-+1

tom N+1 N+1 o
/dt [ gt =) I1 oa T[22 [ deidéntnts
to to

n=k+1 n=m-+1

t’VYL
/ dt / dtk g+ —tk H Pn
2

n=k+1
t i
— - dtg / dty [—gh(tg — ty)]e” melt2=t)
Analogously, for the path (d) in Fig. 27 we obtain

Tt » o) =TI, (1)IT;(1) / PEod &0 T ) (€46, 560,65 10) (€0]0) (0]&0)

+ tm N ~ N+1 B B
:/ dtm/ dtk/df_N+1d§;<v+1 H dzgnd2gn€_€"£"e_£"£n H 65"5717117"€£”’1£HP7L£;lg+(t
n=1
/ it / 1 (tn —t0) [ dEvdeivs, de 56 [ g6
n=0
N
X dgm( H dgn—1d§:> dgN( H f;fn—lpn> f}k\H—lngN-i-l
n=m-+1 n=m+1
_ k+1 L B N B B o B
x déy (H dﬁndfii_1> d@,( 1T 5;_1§np;> EnEN 1PN 16
n=N n=k+1

/ dtpm /tm dtr g4 (tm — tr) /Hd2§ e Entn H A&, e Enén
xdfm< 11 d5n1d£n> déNdfo( 1T 5:;fnlpn> Ex1ENPN+1

n=m-+1 n=m-+1
B B k+1 o B N B ~ o B
X dén 1 dEy (H déndﬁ,il) déy ( I1 leénp:;> ENENH1PN 1€k
n=N n=k+1
N+1

t tom N+1 B -
SR TN | 2 | A R
to to

n=m+1 n=k+1

/dt/ dty [—gy (tm — t1)] Hpn
0

n=k+1
to i
— = dtz/ dty [—g4(t2 — t1)]ern(2m1)
0

We notice that Egs. (F7) and (F9) only differ by a sign and the same holds for Egs. (F8) and (F10).
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(F10)

Now we consider the specific four-transition path (second order in I') individuated by the ordered sequence of

Grassmann variables {£; g ,5;;5 , &k, } and shown in Fig. 28.
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(e)

€k4-l£kj él:ﬁlgkzﬁ—l €N*§N
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fklgl:l+|
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FIG. 28. Path with four transitions, two in the forward and the others in the backward branch. Here, only the collective
path is represented, with diagonal and off-diagonal states depicted with continuous and dashed lines, respectively. The boxed
Grassmann variables in red are the ones appearing in the influence functional in this example.

The contribution of this path to Jég) (t;to) is evaluated along the same lines as above

TE2 0t to) =TI, (0)IT; (0) / 26060 T3 (€4, .t €0, & 10) (60]0) (01E0)

t Ty B B k1—1 X N X
:/ dtk4.../ dty, /d§N+1§N+1d§?§I+1S\7+1 H d2£ne—£n§n H d2§ne_£n£n
to to n=0 n=kg+1
ka—1 N o
« H d?€, e Enén H d?€, e Entn
n=0 n=ks+1
k4 k4
x d&p, ( H d§n—1d§;§> d&, ( H fon—1Pn>
n=ki+1 n=ki+1
- ka+1 o - k3 ~ B
x dg, (H dgnd§:_1> déy, ( 1T 5:_15np:>
n=ks n=ko+1 (Fll)

X {gkz [_gi (tk2 - tk1)]£;§1£k«1gi (tk4 - tkS)EZ‘g

+ flm [_gi (tk4 - tkl)]leg;¢;g+ (tks - tk2)€k’2}

t try _ _ _ _
:/ dtk4' : / dtk1 /dled§4dfz3d£k2 {szfizlfmfl:g [_gi (tk2 - tk)l)]gi (tk4 - tkS)
to to

k2 k4
0 & sl (e — t)lgn (b — t) [T pa T 2o
n=ki+1 n=ks+1

t t2
:/ dt4.../ dtl{[—gi(tg —t1)][—g" (ta — t3)] + [—g7 (ta — t1)][— g+ (t3 —tz)]}
to tO
« e melta—t1) o~ fe(ta—ts)

Note that a product of the type g(ts — t2)g(ts — ¢1), implying a crossing of the fermion lines, is not present for this
specific path because we have fixed the Grassmann variables at the transition times and the form of the influence
functional prevents the fermion lines from joining two starred or two non-starred charges, see Eq. (6).

From the examples above we can draw some conclusions

e Integrations over the sojourn time intervals yield an overall phase factor 1.

e Integrations over the blip time intervals yield the phase factors exp(—(ier/h), where 7 is the blip length and
¢ = £1, depending on the nature of the blip.
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Once the trivial integrations over the sojourns/blip time intervals are performed, we are left with a final integration
over the Grassmann variables associated to the transitions. As a result of this procedure, neither the Grassmann
variables in the integration measures nor the ones in the integrands are time-ordered. Specifically,

e In the integration measure, the backward variables appear to the right of the forward and, within this two classes,
starred variables are to the left of the non-starred ones. This reflects the original order of the integrations.

e In the integrand, the Grassmann variables appear as a sequence of pairs whose order depends on how they are
coupled by the functions g(t; —¢;).

SIAM

We now generalize the procedure used for the RLM by analyzing specific instances of paths involving both spin
states in the SIAM. To avoid adding further indexes we denote the Grassmann variables associated to ¢ = 1
with the usual £ and the ones associated to ¢ = | with the letter 1. As for the RLM, instead of using the
collective sojourn index m = (nT,n%), we indicate the initial and final occupation of the spin states of the dot in
the argument of the propagator. The integration measure has the property d2€ = d¢*dy*dédy = —d&*dédp* di, so
that d?£€d%€ = d¢*dédy* dapdE* dédp* dip = d?Ed?Ed?vpd?e). We use this property to factorize the integrations over the
Grassmann variables for the two degrees of freedom.

For the STAM, the coherent states are expressed, in terms of occupation number states, as

€) =(1 — &al)(1 — al)|040,)

= [0+0) + [150)§ + (04 1)¢ + [1411)9¢ (F12)
(€] =(0404[(1 — ayyp™)(1 — ar&")

= (0,04 + " (1 04| +&7(0 14| + £ (1 14| -

As a result, the populations are found by calculating the matrix element of the impurity RDM
(€pl€) =Poo+ -+ Y Poy + -+ + EEPro + -+ + P YPE Py (F13)

and applying the projectors defined in Eq. (F2) via Py, = ppn = ()L (1) (€]p]€).
Let us introduce the abbreviations
overlap O} —eéntn O] = e~&nén
O —e~¥itn Qb — o~ Fidn
H, fPZ —bnbn—1p], Pt — ebn1bnr! (F14)
Pl =entnpn  PL = braderrt

interaction U, —ebn€n—1¥ntn_1un U, = eEn—1€nt _1¥nuy, 7

where p? :=1— (i/h)€,0t,, and u,, := —(i/h)Udt,, with U the interaction energy. Consider the path in Fig. 29. From
Egs. (F1) and (F2), the contribution to Jl((Q),)OO (t;to) given by the path reads

®
0 é:kl s T
1 (00) (10) (11
—_— - - -
n=—1 =1 £, no=+1
! L S SO 1 N N . S
No= -1 f:-&-l h=-1

FIG. 29. Path with four transitions distributed in the two sub-paths of the spin variables 1T and |. Note that the path for
o = 1 is of the type (c) in Fig. 27, while 0 = | undergoes a sequence of the type (a) in Fig. 26.
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Now, since (see Eq. (F14))

[T d¢:den0n =] désdgne 44 =1

: - . (F16)
and  []dea1deiPn =[] denrdgsesisnvn =T pn
we get
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where we have used Eq. (F6) and the properties that couples of Grassmann variables commute with other Grassmann
variables and that variables belonging to different spins anticommute.

Next we consider the process depicted in Fig. 30, which contributes to pi1,11. As above, we have



o1

(g)/r 0) fk*l_ ) a1
= -1 (=41 &3 n = +1
(D) Y aw______ an
i M5 =—1 1¢:Jrl P, M +l

FIG. 30. Path with four transitions distributed in the two sub-paths of the spin variables 1 and . Note that the sub-paths are
both of the type (c) in Fig. 27.
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Again we use the definitions of P,, and O,, to integrate out the terms in parenthesis and get
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(F19)

It is already apparent that the interaction is present in the time intervals where both spin states are occupied either
in the forward or in the backward branch. Simultaneous double occupation in the two branches, as it is the case for
the sojourn states (11,11), leads to a cancellation due to the sum of u,, and u} at the exponent. To better clarify this
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FIG. 31. Path with four transitions distributed in the two sub-paths of the spin variables 1 and |. Note that the sub-path
o = 7 is of the type (b) in Fig. 26, while 0 = | undergoes a sequence of the type (c), see Fig. 27.

point, consider the example in Fig. (31). This path contributes to J(gi)oo (t;to), the contribution being
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Once the trivial integrations are carried out as before, we are left with
(2) ! 2 al " " al + !
*
J(h)()l’oo(t;tO) :/ dtk4' : / dt/ﬂ H piz H pn* H (p}LL* + u;kL) H pn*[fg-t,- (tk4 - tkl )H*g-i- (tk:s - tk2)]
to to n=ko+1 n=k1+1 n=kz+1 n=ks+1

X / A€ 1 AEN 1 EN11EN 1148}, dEVES, Ery Wy 1 AN -1 A0, AONPY L AN PR 41 Ak iy Y,

t 75 N+1 ka ka N+1
:/ dtk4' e / dtk1 H pi H p;rz* H (p;Lz* + U:L) H pn*[_gl (tk4 — tiy )] [_gi* (tk3 - tkz)]
to to

n=ko+1 n=ki+1 n=ks+1 n=ks+1

x / dE dE1E1 G Ay, A, D,

t ta . . :
_— / iy / dty ko1t henlts—t2) KUt gl (1, — 1,)][—g¥ (ts — 12)] -
to to

(F21)
In the above examples the phase factors stemming from the action of the dot have been factorized as H?:l exp[—4 E;7j]
in order to reflect the time intervals 7; between transitions. One can recognize that these phase factors are related to
the blip/sojourn states of the underlying spin paths according to the example in Fig. 7.
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Appendix G: Integration measure [D{¢}

To see how the parametrization of the integrals over the Grassmann variables associated to the transition times
works, consider the example of path shown in Fig. 32(b). Following Eq. (46), the integration measure reads

(a) To G n G2 72 Cs 3
tl tQ t3 t4 t5 tG
o e e T T e T ¢
[El]—ml)Cl [52}—17716 [53]—%42 [54}—2712@ [55]—17243 [56}—3713&5
(b) -1 +1 -1 +1 2 +1 -1
t1 t2 t3 t4 t5 t6
—_—t------ - —t------  —
fl 52 53 [54]—712 [55}*”2 ‘56
(c) -1 +1 -1 +1 2 € -1
t1 to t3 tyg ts te
—_—ft------ - —t------ '3—)
& &2 & [€4]—n2 [é;]:f;Q [56]23

FIG. 32. Six-transition path. General case (a) and two specific examples: In the first 72 is left unspecified while no = n1 =
n3 = —1and (1 = (2 = (3 = 41 (b). In the second also (3 is left unspecified (c).

— Md&7 d€2d&3 (d€s) —n, (dE5) —,dEs
_ Jd&id&rdEzdEadEsdSs , 2 = —1 (G1)
d€déedEsdéedEEdEy ,  np = +1

As a further example, we leave also (3 unspecified, see Fig. 32(c), so that the integration measure reads

— MaGad€; dEads (déa) -y, (dEs) 520, (de)

detdgrd€sdéadesdss , 1o = —1,Gs = +1
detdgrdgsdesd€sdes , 1o = +1,Gs = +1
dffd§2d5§df4df_§df_5 , Mm=-1,03=-1
de; derdeydesdEsdEs , o = +1,¢5 = —1

(G2)

Carrying out an integration over the Grassmann variables associated to the tunneling transitions is straightforward
in the present derivation: The integral yields simply an overall sign, due to the order of the variables to be integrated,

times the factors (—ng (k).
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Appendix H: Further examples of diagrammatic contributions from an individual state

For the sake of compactness, in the following expressions we set (t; —t;) = (j,4). Then, the ten third-order
irreducible diagrammatic contributions B;, (P;)®;, (P;), see Eq. (40), take the form

3
m DT (=¢amn) ) [m0¢18=5" (6, 1)]be1 [CimigS: (3, 2)]bsz [Comagl? (5,4)]bsa Gy, 0c.cr
n=1

nG  Gm Com2

D

= n'n [—g75' (6, 1)]ber [—g5: (3,2)]baz [—85%(5,4)]bsa I¢, ¢, 0cacy »
N___{,}Q___( : ﬁ (=Gamn) [m0Gr8=58 (5, 1)]bs1 [Cimes: (3,2)]bsa [Can2852 (6, 4)bea ¢y, ¢, 0y .
mC Gim 212 n=1

=n'n [—g75(5,1)]bs1 [—g5! (3, 2)]bsz [~85L(6,4)]bes O, —¢, 0c.c -
m ﬁ (—Cnn) [770(1g_170 (3,1)]bs1 [Cﬂ?lgm (6,2)]be2 [Czﬁzg@@ D)bsa Oy, —c10¢0.01
e G " oute

= 77/77 [ _Cl (3 1)]b31 [ g% (672)]b62 [_g%; (5a4)]b54 5(3,-(15@,(1 )
(H1)

3
@ H Cnnn UOCIg:gE (3) 1)]b31 [Clnlg% (57 2)]}352 [C2772g§;§ (6a4)]b64 6C37C1 6C37—C2
n=1

nG Gm Cam2

= n'n [—275 (3, )]ba1 [—g51 (5,2)bs2 [—g,%" (6,4)]bes 6¢y.c, ¢, ¢ »
(H2)

3
"N O\ TGl &5 (6. lbon e, (5. 2)bsa 1 Cas=S: (4.3 b,
k=1

77041 Gm mé

= 1'mmz (=875 (6, 1)]be1 (g5 (5, 2)]bsa[—85: (4, 3)basdes.c.

0
—.

(—Cemw)[noGr 825" (6, 1)]be1 [Crmest (4, 2)]baz (1128752 (5, 3)]bs3dcs,—c0¢s,—y
i Gm mée k=1

= _77/77771772 [_ngyl (671)]b61 [_g% (4’ 2)]b42[ g—771 (5 3)]b53 6(3 C16C27 ¢

3
@ (=1 H(*Ckﬂk)[ﬂo@ giﬁi(& D]bsy [Cimgs! (6,2)]bes [Thng:%i (4, 3)|bazdcs, ¢,

mG Gm mé k=1

= n'nmna [—g 75 (5, 1)]bs1 [—g5 (6,2)]bea[—g "5 (4, 3)]bas 0, —c, »
(H3)
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3
@ H —Gume) oG &b (5, Dbs1 [Grmess (4,2)]baz [11 G875 (6, 3) besdes, ~ 6ca.—c:

ot Gm mée

= _7]/77771772 [_g:gl (57 1)]b51 [_g% (4v 2)]b42[_g:§721 (67 3)]b63 5(3,*41 5(2-,*(:1 ’

@Hw

ol Gm mée

o p

(—Cemr)[noCr =5 (4, 1)]bar [G1mgS: (6, 2)]bea [m1¢28™52 (5,3)]bsade, —¢, 0ca

b
Il
—

= 777/77771772 [7g:§71 (47 1)]b41 [*ggﬁ (6a 2)]b62[7g:% (5? 3)]b53 5(3,—C1 6(2741 )

3
m H (—Cemk)[0C1 8~ (3, 1)]bay [Cimgs: (4, 2)]bsz [m1¢28~52 (6,3)]besdc, .ca0c )

nCt Gm mé2

= —77/77771772 [—g:gl (4a 1)]b41 [—g% (57 2)]b52 [_g:% (6’ 3)]b636C3,C1 6C2,C1 .
(H4)
We also evaluate the following irreducible fourth-order diagram, which is relevant for the scheme gDSO4 introduced
in Sec. IXE,

nCt Gm me 1203

(H5)

4
H —Cuw) (G185 (8, 1)]bs1 [CimigS: (7,2)]bra [m1Cag ™52 (4, 3)]bus [12€38~ 52 (6,5)]bes ¢, .,
k=

= n'nmns [—g 75 (8, 1)]bs1 [—gS! (7,2)]bra [~ 75 (4,3)]bas [—g~52(6,5)]bes I, ., -
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Appendix I: Contraction integrals in the wide-band limit

e Integral not involving the Fermi function (¢ = £1)

w
1
bE= [ (1)

— il (W>¢&.

e Integral involving f_, (z),where n = 1, with f, () = [¢®®=#) 4+-1]7! the Fermi function and f_(x) = 1— f. (2).
Assume & independent of z, with £ > 0, and W > &'

1+(5)=/W de—1+1)

e
p _
:/_W dxx - u)j;;(Bm%+ ST [fr(z) = (" + 1), W ~ W/kgT)
L , f+(2)
_27r12j:ReSj {z — (5/ _ M)/]gBT—‘rig”/kBT} (12)
kv 1

i

= — 2771];) 2mi(k + 1/2) — (& — ) /kgT +i&" kgT 2

1 LT
e

__kzzok—i-l/Z—i—E”/(Qﬂk;BT)—H(E’ —n)/@rkgT) 2

Now, since W — oo, the sum can be extended to infinity. Following Ref. [48], if £ is independent of €, we smgle out

the k = 0 term in the sum over k£ and add and subtract the Euler-Mascheroni constant yg = limg oo Z 1 1/ k—
In(K). At this point, using the definition of digamma function ¥(z) = —yg —1/2 = Y oo | [1/(k + 2) — 1/k] we

obtain
I, (E) =Rews 1+,€’715”7u ) w N " 1+,5’715”7u
= —+l1———— | —In —l|-—Imyp | - +1———F7—
+ o k:BT 2k T 2 2 2k T

1 fi(x)
/ d T — g/ _|’_ 15// / d T — g/ 15// (13)

E—i&" —p w 0 1 & —i&" —pu
=—Rey [z +i—" —H) 41 ) RS (Y (S L
4 <2+1 onkpT >+ N orksT 1[2 Iy (2+1 onkpT )} ’

where we used Eq. (I1). Thus
w
e - / et

—w  x—E&+i&"

5 i&" — w 1 5 i&" —p
_ I e A o
{Red’ ( onkpT ) n zkaT] [2 - otmy ( onkpT )]
Further

* W f—TI(I)
I (5;77): d‘rﬁ
/,W z— & —iE (15)

£ —ig" - W 1 & i
7 [Rew < kT > 2kaT} { ot ( kT ﬂ

Then, collecting the above results we can give the compact expression

) Y f—n(2)
I(&Caﬁ)—/_wdxm

1 5’ i&" —u w s 1 & —-i&"—u
[R v ( kT ) —n ZWkBT] —i [2 +otmy <2 T T )}

(I6)
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e Special case: £” =07T.

) 1 -5/ — M w . /
/ e ricor 5’ ricor " [Rew (2 + IQWkBT) —In 27TkBT:| —iCmfn(E), I7)

see also Eq. (E1) of Ref. [48]. Here we used the property

11 S
§$;Im¢ <2+1B )—fi(f!) (I8)

and also f_,(z) = 0, +1 — nf+(z). Note that

(z) .
/_d%fgfﬂgm Z/ :L’—E’ 1<o+__1<7r’

in agreement with Eq. (I1).

e We assume that, in general, & = £({,n) and consider the distinct cases £(n) = &, and £(¢) = &. In the first
case, summing over 7

E 15”— 1 & —i&" —yp
> I(EyiCn) = [Rew ( m) ~ Rey (2 N 127rkBT>]
"

(19)
) 1 & —i&l —p E —i&" —yp
—i¢ |:7T+IHH/J <2+127rk:BT ) —Im @/}( +1727rkBT >] .
Note that if £ is independent of 7, then Zn I(€;¢,n) = —i¢n. Likewise, when £ = &,
1 & —i& —u 1 & —i&" -y
I(E.- _ 1. + _ L
> CI(EG ) n[Rew <2+1 e ) Rey) (2+1 T ﬂ

¢ (110)

1 g g — 5 5// o

If € is independent of ¢, then ZC CI(E;¢,n) =2¢ImI(E;¢,n).
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Appendix J: Evaluation of the dressed third-tier bubbles in the simplified gDS04

The fermion lines are labeled as &, x1, and k2, from the most external to the most internal. Recalling that n =,
the third-tier bubble diagrams are obtained by contracting the internal fermion lines (k2) with a vertex. The 3rd-tier
bubble of type o(o) is the sum of bubbles of two kinds, according to the spin of the most internal fermion line. In
the gDSO4 it is obtained by contracting the propagators in Eq. (225) dressed by the simplified bubbles By ~ —I'/2
with the vertex v_, = —|to(ex)|? %, (€x)/R?, where x stands for  or v. The result is

— T~ K
—k oK

Bo0) o TN ﬂ”
Lo, +
B I

g i Ne—oo 7

h Vg%(ekz)au’u h Vgu(ekz)(sﬁln

- %: T2~ iC(er — ety) — 1Calers — Ba()] V/y%: /2 —i¢(er — ex,) — 1G[er, — Eq(n)]

. W a2
7l 9 f—n(€2)51’/1’
5 g Oas [tas| %: @/ de; €2 — [Es (V) — Gal(e — €1)] +iCl'/2

(J1)

-w

. 1%% «
L 2 fE(€2)bny
el 2 I vox v iy xR

where E5(v) = €5 + (1+v)U/2 and E,(n) = €5 + (1 +n)U/2. Here, the vertex v, (k) is defined in Eq. (153) and the
width I'/2f is given by summing the geometrical series

R AN A WA T (72)

where each of the bubble is evaluated to be By = —I'/(2h). The resulting internal dressing is indicated as the dashed
rectangle. Using Eq. (I6) to solve the integrals we obtain

no(o) i r,
B m = ﬁ(s”'” Z 277{77

[e3

1 Cler—€)+ Es(v) —iT'/2 — g 1 Cle—e)+ Es(v) —il/2 — pqo
™t (2 i omkpT ) - otmey (2 i omkpT ) ] }

1 lle1—€)+E;(v) —il/2 — pqo 1 lle—e€)+Es(v)—il/2 — pqo
Rey (2 i orkpT ) ~Rey (2 i 9rkpT ) 1

+1

i r,
+V’”ﬁ6n/"7 ; % {V

Rey) (;+i((61—€)+EU(77)—iF/2—Ma) Rey (;_’_iC(E—El)—I—EU(n)—iF/Q—MQ)]

27TkBT 27TkBT
. 1 (e =€)+ Ex(n) —il'/2 — pa 1 (le—e)+ Ey(n) —il/2 — pq
I — I -
+1”+”mw(2+1 orkpT iy (5 o+ ok T ’
(J3)
where I'y, = 274t |? and 3", T'y = I'. Fixing the argument €; = €, we have

o r,[1 1 1 Fyalv) r,[1 1 1 Fya(n)
BIW) o~ N g - ’ Sy — 1V L e | - ’ 8y J4
3 gh 2+”ﬁmw<2+12ﬁkBT) ””;h 2+Vﬁmw(2+12kaT s (4)

where F,; o(n) =: E5(n) — piq —iI'/2.

The 3rd-tier bubble of type (&) does not have a matrix structure and is given by the contraction of the propagators
in Eq. (226), dressed by the simplified fourth-tier bubble By = —T'/2, with the vertex v, = —|to (ex)[? £ (€x)/h?, where
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x stands for 1 or v. It is the composite bubble

— 0Kk — 0K
O'(Er) Agfl /\ﬁfﬂ
By~ Q

..... .___. -- --

_ vy (€ry)0¢s,—¢ vi? (k2)0¢,,—¢

_h%: [zy: I'/2 —i((ex — €xy) — iC1]en, — E5(v)] + 2?7: /2 —i(1(eg, — €x,) — il[ex — Ex(1)] (J5)
_i¢ v [ (e2)

_Ezgazh‘”‘?z/_ dez €2 — €+ CC1[Es(v) — €] —iCT/2

1C1 fo62 (€2)
ZQOQ'tazl Z/ ?e2— e+ CQ[Es(n) — € —iiT/27

where E,(n) = €5 + (1 +n)U/2. From Eq. (I6) we obtain

B;7) ~ % ] {CR ” ( —CGler + gﬁ;};;) ir/2 - ua) (e ( — CCles ;7:];]1; /2 - ua)
¢ Ret) ( — (e +2Zk;;“> ir/2 — ua> Rey ( — (e 27rk;;:; ir/2— Ma)
+i|2m—Tmy ( €= Chleo + gﬂ;;lT) ir/2- “a) ( —CG(es ;ﬂe}iéT /2 - ua>
o (S ) e g )}
(J6)

Taking e = €1 = p

Bg(”’*zl‘iw ) - 5 5w (3 )

[ e (3 i) e (3 i)

where R, (1) =: CG1[Es(n) — po] —iT'/2. At equilibrium, in the degenerate case, ¢4 = €| = €, and taking ¢ = +1
(retarded self-energies)

(J7)

5@ r

3,(1=+1 = i

1771 " 1 r/2 1€0+U*,U, 71 " 1 r/2 _ L fo—H
27TkBT 2rkgT 27TkBT 2nksT

1 T/2  e+U-u 1, T2 a—p
— IR Re J8
+1h ed’( deksT  2rknT ) ¢( orksT  2mkpT (78)
o r 1 T/2  e+U-—up 1 T/2  e-p
B7() —|1- 71 fI
3.6=-17 " v < okl | 2nkpT ) me) ( onknT | 2nkpT
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Appendix K: Dressing the bubble B°(®) in the simplified gDS04

The dressed bubble B?(?) in Eq. (214) is obtained by contracting the dressed propagator Bg(") according to

ARSI vy v TS x

where the vertex is defined by

vy = Al g, (K2)

Here, ﬁ;(a) has a 4 x 4 structure in the collective sojourn index 1 = (v,7n) induced by the third-tier bubble Bg(a).
In order to avoid the inversion of a four-dimensional matrix in
-1

F0(0) _ [qno@)-1 _ o) a(o) _ . 0¢1,~¢
hy 7 = [[th ] B; ,  where hg'% = th(Ek ") FI07 (K3)

we exploit the specific form of the third-tier bubbles forming Bg(o) in the simplified gDSO4. Specifically, to dress the

propagator 1hg7) we retain the 2 x 2 matrix structure in the sojourn index 7 of the spin path & while using explicitly

the structure in v of the third-tier bubble. To this aim, we write the third-tier bubble in Eq. (J4) as

—_—

v+l = B3, (V)0u, +V'VB3 ., (V) (K4)

—— 7

where
r.[1 1 1 Fyulv)
B4, (v) = 2= 4= Y AL
3,7777(1/) Z h 2+777r my) <2+127TkBT)
: (K5)
Lo 1 Foa(n)
B _ [e] o,x
B3,7]/77(V) za: ? 5 71 ,(/J ( QW]CBT) 6’”"’7 )
and where F, (1) =: E,(1) — fta —iI'/2. The following properties hold
B (v) BA,W( )
B4, (v)=-T/h,
Z 3.n'n (K6)
Z B, (v) =—T/hdy .
Note that while in B?,n’ (v) the index v is related to the interaction energy, in BY (V) the same index is related to

the vertex and vice-versa for 7.
The dressed bubble is then obtained as the contraction

BI7 =3 (03 (v)v,)

. (K7)
= m + 0 B — N\ e
b pa P by ="

where h2(7;7 37( ) = > [flg(o)]n/n has a two-dimensional structure in 7 and is obtained by adopting a two-stage

procedure: First we iterate the third-tier bubble ]E_’»g)? to obtain the dressed propagator leA and then insert iteratively
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the bubbles B¥ accounting for the multiplicative factors /v in Eq. (K4). The dressed propagator h4'(v) is given by
the series

h2 (1) =103 + h{B2Aw)hg ) + ...

~ 131 - Biw)] (K5

Note that, while the non-dressed block hg’) = lhég) is still diagonal in 7, the dressed block l~1‘24 acquires a structure
in 77 due to the bubbles B4 that can change the charge state in the dot. Using the properties of B4 in Eq. (K6), the
diagonal and off-diagonal matrix elements read

3t~ Bg o (v)

hg',,(v) =
(0511 = B4, )] [837171 = B, )] = B4, )B4, )
By, (v)
_1,0(0) 3,7m
=h + o(o)1_1 o(o)1_1 (Kg)

[hy ]~ | ]~ + T/

By, (v)
d hA _ 3,1n
o 2 = e S et o]

e e EA R S
respectively. Thus
~ - —1
By (v) = [105”] 7 — B ()]
o(o)
g B (K10)
)=t +T/n
=103 + nJ BB (1)
where

Fo(0) 1 7(@)fo@) _ L e _ 1
R =— - and h - (K11)
B G O ’ ~T/n [ g )= +T/h

Including iteratively the third-tier bubbles Bf, and accounting for the factors v and v/ associated to the first and
last sojourn in the presence of overlap of three fermion lines of the same spin, the full dressed propagator in Eq. (K7)
is the series

g (v) ) + Zu hy (v))BY (v)vhy (v)

+ Z v h‘24 (' Z BZ ()i (v"\BE (v)vhi(v) + ...
v/ v (K12)
=hj'(v) + > v'hi'(V) Ty B;( RAG )Bf(u)uhf(u)

—hf(v) + VH(v) ,

where Ah2 = h{(+1) — hf(—1) = h VLIV [BA(+1) — B£(—1)], and where we have defined

1 » 1. A
1_2 B BB( ”)fl (v )BSB(V)hQ (v) . (K13)

Note that, in agreement with the results of the diagrammatic rules, in the absence of interaction, the function H(v)
vanishes, as it contains the contribution of more than two overlapping fermion lines.

The dressed fermion line block, whose contraction yields the dressed bubble B?(?) according to Eq. (K7), has the
first term proportional to the identity, see Eq. (K10), and the remaining part which is independent of the index 7/, as
can be seen by using the properties of the third-tier bubbles in Eq. (K6). This ensures that the resulting bubble has

H(v) := Ah4
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the general property Eq. (209), which ultimately allows for expressing the self-energies in terms of the off-diagonal
elements of the bubbles, namely

=) (€) == B () cmrt1 - (K14)
We can now evaluate the dressed bubble B?(?) via Eq. (K7) by using Eq. (K12) and splitting the vertex as
vy =0y, 1v+uvy, (K15)

where v = —|tao(€x)|?/h%, and vo = fi(er)v, and where we used the relation f(¢) = 1 — f_(¢). The resulting
expression is

Bo(©) :Z<flg(0)( )Vy>

—Z (h3'(v)v,,) + Z (vH(v)v,) (K16)
A1)+ (Ahdvy) - (F(- 1)) + S HE)v) -
The sum over v in the last term yields the following simplification
- - - 1 - -
Ahg' +) H(v :AhA+AhA . B?(v)hj (v
-+ S H() —ab; T B o B W)
=Ahy *L nA
1-3., By (hy(v)
—Ah A 1 (K17)
1(1+hy”'T/h) —hy”hy” 3, BE ()B4 (v)
1
=AB3

(] +T/h)2 ~ 5, BY ()B4 (v)

=K,
where ABj := B‘34(—|—1)~— B# (—1). Using the explicit expressions in Eq. (K5) for the third-tier bubbles, it is possible
to cast the matrix >, B (v)B4'(v) as the sum of a term proportional to the identity and a second term P with the

symmetry P,, = Py,. As a result

ZBB =1Ab,Abs + P, (K18)

where

F 1 F/2 .65-+U—,LLQ 1 1 F/Q €6 — U
Ab, = — Tm B
> [ v < orksT | 2mkpT ) 7Y <2 t omksT T 2mkeT

T, r/2 €6+ U — g 1 r/2 € — o
Ab, = — Im - fI
> [ v ( orksT | 2mkeT ) v < orkeT | 2mknT

= nAbg, the matrix elements of K

(K19)

Using the explicit expression for the matrix elements of AB , namely AB4

3.n'n
read
Ab,
Ky =07~
(bS] + T /k)2 — Ab,Abs
(K20)
Abs 1 _ 1
AbyAbs | [0{7]-1 + T/h— Ab,Ab, [b{]-! +T/h+ AbaAba]

The dressed bubble of type o(0), Eq. (K16), is thus the following sum of three terms

B =(hg (~1)v) — (H(=1)v) + (Kv)
r

= — g1+ (13RI BY (-1) — (H(-1)v) + (Kvy) |

(K21)
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where we used Eq. (K10) and the result of Egs. (136) and (138) for the first term.
We are interested in the off-diagonal elements of this dressed bubble which yields the corresponding retarded self-
energies according to Eq. (K14). The second term of Eq. (K21) vanishes because of the contraction with the vertex

v = v, +v_. Indeed, using the definition in Eq. (K3) and Eq. (K11) for the product hg(o)ﬁg(g), the contraction yields

o(o)o(o 1 (61) a1(€1>
Lr@fo) 16 o2 / d 1
(hg ™ hy hr/hzg‘“l'“l‘ Z ‘1 61—6—1C0+ €1 —e—i(T
i T, 1 e— o 1 r L€E— g
7r za: T ZV:”{ i (2 + IQWkBT) Y (2 t orkeT +127rkBT> (K22)

€~ Ha 1 T LE— fhg
I — =
l<[mw< ok T) tmy (2 + 2kaT+12kaT)] } 0,

where we used Eq. (I6) to solve the integral. The third term in Eq. (K21) is evaluated as follows. According to
Eq. (K13) and the second line of Eq. (K17), the matrix block H(—1) can be expressed as the sum of two terms

H(-1) =KBf (~1)hy'(-1)

VK (OO R - (K23)
=hJ"KBZ (1) + h3'"hg ' KBE (-1)B4(-1) .

The functions of €; to be integrated upon performing the contraction, in the first and second term are of the type

g 1 ) 1
5@+ Ta/n Ta/h (5“1 + T /b
(o) o(0) =0 () (K24)
and (hi h2 _ 1 ho(a)ﬁg(o) _ = h2
m3'-14+r./n Tx/h hy)]=1 + Ty /h

respectively, where I'y = I" + i\/Ab,Abs. Expanding the functions in the second line as done in the first line, we
end up with integrals of the same type of Eq. (K22) which vanish.
Thus, we are left with

~ r
B9 —_ — 14+ (Kvy). (K25)
2h
Since K,,, is independent of 7/, see Eq. (K20), as already noted above, the bubble B7(9) has the property

Ro(o) r 50 (o)
B"]/"? = _ﬁéﬁ’ﬂ + Bﬁﬂ . (K26)
Noting that Abs,, = —|Abgs /|, the off-diagonal elements are

B%r(;g) = (Kigpvy)

_ iy [|Abg| £ (er) £54(er) (K27)
~ h2\|Ab,| Z on|tm|2/ dey Ll_e_igr_el—e—ing '

Using Eq. (I5) to perform the integrations we obtain for the corresponding retarded self-energies
Abg| T_ € — o r LE— I

Z(o’) | R + «

© =2\ [aby| Z { ( t ok QWkBT) U\ 2" 2rknT T 2mksT

r_ LE— lg 1 Ty LE— g
il 1 -
ll me) ( ksl 127rkBT> my <2 t okeT ' 2rkeT

Note that these self-energies have the property

(K28)

} |

Z S0 (e (K29)
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At equilibrium, gy, = ug = u, and at € = g

@,y =" [[Abs] T 1, N 1, Ty K30
an (1) =3 |Ab,| 27 Rev\ 3 * ot ) “ B\ S 2okt /| (K30)

Consider the degenerate case, e} = €, = €y. The self-energies are well-behaved in the limit 7" — 0, though they do not
yield the correct unitary limit for the conductance. Moreover, the correct behavior for the exponent of the expression
for Kondo temperature is not captured by this scheme. Indeed, around the center of the Coulomb diamond, namely

for p—e€p,U — p+eo > T, from Eq. (K19) Abs; = Ab, ~ —I'/h and the dressed self-energy f]gg_) () is approximated,

at low temperature, by
(‘7) _ L R, 1 —R 1 2r
o) = 47r[ ew<2 U\ 3T Skt

r 1 or
~Rety (= 4+ —— ) .
e (2 + 27rkBT>

As shown in the main text, the prefactor yields an incorrect exponent in the Kondo temperature.

M

(K31)

Appendix L: Evaluation of the dressed bubble B°(®) in the simplified gDS04

The dressed bubble B7(?) is given by iteratively inserting the composite 3rd-level bubble BU(U) in Eq (J5) which
results in the geometrical series

a(5) .

where the bare propagator hy'*’ is given by

hg@ — ip
2 Clex — Ey) + Ci(ex, — E5) +10T

and E, = ¢, — U/2. From Eq. (L1), the retarded (¢ = +1), dressed self-energy of type () reads

S0 (e) =B (k)= 11

o —(ta (ery )12 /02) f25 (€1, )
=iCh —
‘ ; —i¢(ex — € — U/2Rh) —i(1(ex, — €5 — U/2h) —th(”)k:H (L3)

—Z@alw ch / der - ()

65 + Cileo — €) + 8¢, 11U] — i ABG 7oy

As an approximation, assuming the 3rd-tier self-energies to be constant with respect to €; as in Eqgs. (J7)-(J8), the
integral in Eq. (L3) is readily solved as

50)(e ZQOA‘B 2 ZCI/ der f‘i‘,',(q) _
€1

— &, —i¢1hRe Bj

- ) [, (e)
_;Qa|ta| %:Cl [Wd€1 o -

— &, +1Gh|Re BI)]
-y -

Ro(7) (o)
Re <1 E41 —iR|Re By o _ ] — ,ua> Re (1 E_1 —1ih|Re B3 =1l — /La)]

(L4)

27TkBT 27T/€BT

5 ihRe BT 1= 5_ —ihRe BZY) | — 4,
|:7T + T/Imw < +1 7 | 3;417+1| H ) Imw ( 1 ‘ 3 C17—1| H ;

27TkBT 2’/T/€BT



where, in the second line, we used explicitly the fact that the real part of Bg
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@) g negative, see Eqs. (J7)-(J8). Here,

the energies in the arguments of the digamma functions read

e = o+ Ciles — €) + 8¢, 11U — GAIm B . (L5)

Note that

Z ig‘i])(e) = —il. (LG)

n

This is a general property, not due to the approximate evaluation of the integral in Eq. (L4).

Indeed, it can be

obtained directly from the integral form, Eq. (L3), by summing over n and applying Eq. (I1).
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