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Monogamy of quantum correlations provides a way to study restrictions on their sharability in multiparty
systems. We find the critical exponent of these measures, above which randomly generated multiparty pure states
satisfy the usual monogamy relation, and show that the critical power decreases with the increase in the number
of parties. For three-qubit pure states, we detect that W-class states are more prone to being nonmonogamous as
compared to the GHZ-class states. We also observe a different criticality in monogamy power up to which
random pure states remain nonmonogamous. We prove that the “average monogamy” score asymptotically
approaches its maximal value on increasing the number of parties. Analyzing the monogamy scores of random
three-, four-, five-, and six-qubit pure states, we also report that almost all random pure six-qubit states possess
maximal monogamy score, which we confirm by evaluating statistical quantities like mean, variance, and
skewness of the distributions. In particular, with the variation of number of qubits, means of the distributions
of monogamy scores for random pure states approach to unity—which is the algebraic maximum—thereby
conforming to the known results of random states having maximal multipartite entanglement in terms of

geometric measures.
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I. INTRODUCTION

Quantum entanglement [1], one of the most striking fea-
tures in quantum mechanics, is the essential resource [2] for a
plethora of quantum information protocols like quantum tele-
portation [3], quantum dense coding [4], entanglement-based
quantum cryptography [5], one-way quantum computation
[6], etc. These protocols revolutionize the existing commu-
nication and computation schemes based on laws of classical
mechanics. Due to immense importance of entanglement, over
the years, several detection methods like partial transposi-
tion [7] based on positive maps [8], entanglement witness,
[9-11], and quantifiers such as distillable entanglement [12],
entanglement of formation [13,14], and logarithmic negativity
[15,16] have been proposed. On the other hand, it has also
been realized that quantum mechanical systems can exhibit
nonclassical phenomena which cannot be explained by using
the theory of entanglement, and hence a different resource the-
ory has been developed where unlike separable states, “classi-
cally correlated” states in the computational basis are the free
states [17]. These measures, independent of entanglement,
belonging to a fine-grained paradigm of quantum correlations
(QC), have their origin in the concepts of information theory
or geometry of states or thermodynamics. Examples of such
measures include quantum discord [18], geometric quantum
discord [19], quantum work deficit [20,21], and quantum
deficit [22] (see review [17]).

Beyond the bipartite domain, understanding of QC, even
for pure states shared by multiple parties, is limited due to
its complex structure. In this paper, we study the distribution
of QC among the various parties of a random multipartite
quantum state, with the help of the concept of “monogamy”
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[23]. Unlike classical correlations, which can be shared freely
between different parties, monogamy of QC [23-25] restrains
arbitrary sharing of QC among the various parties of a mul-
tipartite quantum state. Specifically, in a tripartite scenario, if
two parties share maximal QC, they cannot at all be quantum
correlated with the third party. The quantitative version of
this concept, in the form of an inequality, was formulated
by Coftman, Kundu, and Wootters [25] involving bipartite
QC measures for arbitrary states having varying number of
parties. Apart from its fundamental importance [24,26-31],
such notion turned out to have applications in diverse areas
of physics including quantum crypography [32,33], identi-
fication of quantum channels [34], and many-body physics
[35-37]. The monogamy inequality can also give rise to a
quantity, known as monogamy score [38], which can take both
negative as well as non-negative values and can be used for
characterization of QC. We ask here the following question:
Do non-negative monogamy scores for random multiparty
pure states behave in a fashion that is similar to the known
results obtained for geometric measure of entanglement (cf.
[39,40])? We answer it affirmatively, for a large spectrum of
bipartite QC measures, required to construct the monogamy
score.

Most of the computable measures are known to be non-
monogamous for three-qubit pure states while their squares
often satisfy the monogamy relations [25,31,41-45]. For a
given QC, the power (exponent) that makes all three qubit
pure states to be monogamous often lies between 1 and 2. An
exception is quantum work deficit [26]. We first find out the
critical power required for obtaining monogamy for all three-
qubit pure states. We observe that criticalities are different for
the two classes inequivalent with respect to stochastic local
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operations and classical communication (SLOCC)—viz. the
GHZ and the W classes [46].

When the above analysis is repeated for randomly gener-
ated pure states of four, five, and six qubits, we find that the
critical value in power of the bipartite QC measures in the
monogamy score decreases with the increase in the number
of parties. Moreover, we observe that for entanglement mea-
sures, the percentage of states to exhibit nonmonogamy jumps
to a lower value when the powers of entanglement measures
are strictly greater than O (up to numerical accuracy).

We finally show that the monogamy score approaches
its algebraically allowed maximum value on increasing the
number of qubits for random pure states irrespective of the
QC measure. We then examine several statistical quantities
like mean, variance, and skewness of the distributions of
monogamy scores for random pure states of three, four, five,
and six qubits. Specifically, such investigations reveal that
there is a transition in the distribution of monogamy score
from lower mean values to higher mean values, and from
being right skewed to left skewed with the increase in the
number of qubits from three to six. Therefore, we conclude
that the monogamy scores based on any quantum correlation
measure reaches their maximum value for most of the random
pure states with moderate number of parties, thereby support-
ing an analytical result (in the asymptotic limit) obtained in
this paper and mimicking the pattern of multiparty geometric
measure of entanglement.

The paper is organized as follows. We discuss the concept
of monogamy score in Sec. II. Subsequently, the criticali-
ties in the power of bipartite measures with respect to their
monogamy scores are investigated in Sec. III. A comparative
study between the criticalities of the GHZ- and the W-class
states are given in Sec. IIT A, followed by a similar analysis
for random pure states with higher number of qubits in
Sec. III B. We then shift our focus to the actual distributions
of monogamy score in Sec. IV and extract universal features
of these distributions by computing their statistical properties.
We then study the difference in the distributions for the GHZ-
and W-class states in Sec. IVA and then move on to a
higher number of parties in Sec. [V B. We present concluding
remarks in Sec. V.

II. MONOGAMY SCORES

The monogamy score [24,25,38], for an arbitrary N-party
quantum state, pj». N, With respect to a bipartite quantum
correlation measure Q with the first party [47] as the “nodal”
observer, is defined as

N
SQ = SQ(pIQ...N) = Qlirest — Z Q1. e

i=2

where Qj.est = Q(P1:est) 18 the quantum correlation in the
lirest bipartition and Q;; = Q(p;.;) denotes the quantum
correlation Q between the nodal party and the i" party of
the reduced density matrix, p;; (i =2,3,...,N) of pio. n.
8o(p12..n) = 0 implies that the state p;». x is monogamous
with respect to Q, and otherwise it is nonmonogamous.

In this paper, the chosen measures of quantum correlation
(QC) from the entanglement-separability paradigm are

concurrence, entanglement of formation, negativity, and
logarithmic negativity, while from the information theoretic
genre, we opt for quantum discord and quantum work deficit.
The measures are chosen due to their analytical or numerical
computability. For definitions of the above measures, see
Appendix.

III. CRITICALITIES IN MONOGAMY POWER

It is known that there exist three- or more-party quan-
tum states which violate the monogamy relation for certain
QC measures. At the same time, it was proven that if one
considers squares of several of these measures, such states
become monogamous [25,44,45]. QC measures, exhibiting
this behavior include all the computable measures considered
in this paper except quantum work deficit [26].

We address here the question whether instead of an in-
teger power, QC measures raised to positive real numbers
are enough to satisfy the monogamy relation for three-qubit
pure states and for states with a higher number of parties.
Specifically, we consider

N
dge = T:rest - Z QT::" )
i=2

for some positive real number «, which typically lies between
1 and 2. In this respect, one should note that if Q is a valid
measure of QC, Q%, where « is a positive real number, is also
a valid measure. Moreover, notice that if Q(p;,;) < 1 and if
Q(prrest) < 1, we have §ge—~ — 0 for arbitrary multiqubit
states. It implies that in the asymptotic limit (¢ — o0), all
states become monogamous. Therefore it is interesting to
examine whether there exists a finite value of @ = «,, such
that for all pure states g« > 0, for o > o.. Let us call o,
as the critical monogamy power. Furthermore, for o« — 0, it
trivially follows that §ga~0 — —N + 2, for an N-party state,
which reduces to —1, for three-qubit states, implying violation
of monogamy inequality for all states, independent of Q. Let
us now define a quantity which quantifies the number of Haar
uniformly generated states, violating monogamy relation for a
given Q, among all multiparty random pure states. We call it
as the fraction of nonmonogamous states, f. Mathematically,
for a given Q and «,

number of nonmonogamous states

f 3)

" total number of randomly generated states’
in the limit of a large total number of states generated. When
o — 0, f — 1 for all multiparty random pure states.

Assuming continuity, one can expect that in the neighbor-
hood of ¢ = 0, f remains close to unity. Interestingly, how-
ever, our analysis reveals that the fraction of nonmonogamous
states f remains frozen to unity even for some finite values
of « leading to another criticality of &. We denote this critical
value of « up to which the value of f stays unity as «,,.

In this section, we investigate both the criticalities, «, as
well as o), for both entanglement-based and information-
theoretic measures of QC, specifically the following:

(1) We Haar uniformly generate 10° three-qubit states [46]
and perform a comparative study between the «,, and . values
for different classes of three-qubit pure states.
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(2) To investigate the effect of the increase in the number
of parties on «,, we also randomly generate multiqubit pure
states having four, five, and six parties.

A. Comparative study between GHZ- and W-class states

The set of three-qubit pure states consists of two disjoint
subsets belonging to two SLOCC inequivalent classes, namely
the GHZ and the W class [46]. Note that the states from the
W class is a set of measure zero and hence in the generation
of random three-qubit pure states, W-class states cannot be
found, thereby requiring an independent simulation for the
We-class states. We Haar uniformly generate three-qubit pure
states randomly from both the classes and compare their
respective a. and o, for both entanglement and information-
theoretic measures. Our analysis reveals that the states from
the GHZ and the W class show qualitatively distinct behavior
with respect to criticalities which are independent of the
choice of the QC measures. We find (see Figs. 1 and 2, and
Table I) the following:

(1) For a large set of values of «, the fraction of non-
monogamous states for the GHZ class is less than that of
the W class, i.c., fSaHZ < fY, for any quantum correlation
measure Q. It implies that W-class states are more nonmonog-
amous than the GHZ-class states.

(2) The value of «, obtained for the GHZ class, denoted
by a[(;’HZ is lower than that of the W class &V, i.e., «SHZ < oWV,

(3) Like «,, the critical value of o for which all states
become monogamous is always smaller for the GHZ-class
states, M2 < ), where oS and oY denote critical val-
ues of « for which §g- > 0 for the GHZ and the W class,
respectively. This result can be interpreted as the consequence
of fSHZ < s,

(4) For concurrence, we know that 6.2 = 0 for all W-
class states. We find that o, = . =2 for all states from
the W class. It implies that all values of @ < o), = o, =2,
we have f =1, i.e., all randomly chosen W-class states are
nonmonogamous with respect to C* (i.e., §¢« < 0) for o < 2.
Moreover, f has a finite jump from 1 to 0 at ¢ = 2, which
indicates the known result of vanishing three-tangle for the
W-class states [46].

(5) Interestingly, for the W-class states, o, of £ and C
coincide, at a, = 2, implying that no finite real values of «
exist between 0 and 2 to make all states monogamous. Such
characteristic is also seen for the states from the GHZ class in
case of monogamy relation of concurrence.

(6) We also observe that a, is reasonably high for the
We-class states in case of concurrence (C), entanglement of
formation (EoF), quantum discord (D and D_,), and work
deficit VW and W-,). In all these cases, o 2 1.

The above picture remains qualitatively similar for both
entanglement-based and information theoretic QC measures.
However, there are some differences also, in particular the
following:

(1) For quantum work deficit, we find that o, > 10 inde-
pendent of the party on which measurements are performed.
To our knowledge, this is the only known measure of QC
which requires such a high value of « to satisfy monogamy
relation.
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FIG. 1. Trends in the fraction of nonmonogamous states f
against monogamy power « of QC measures for the GHZ- and
the W-class states. (a)—(f) Show f for negativity (), logarithmic
negativity (£), concurrence (C), entanglement of formation (EoF),
quantum discord by measurement in the second party (D, ), and in
the first party (D_, ) of a quantum state. The shaded regions under
each curve give the area under the nonmonogamy fraction denoted
as M [see Eq. (4)]. All axes are dimensionless.

(2) In case of information-theoretic measures, both ¢, and
o, depend on the party where the measurement is performed.
For example, in case of quantum discord, the value of «, is
drastically high when the measurement is carried out on the
first party (see Table I).

A detailed analysis of the critical monogamy power of
random pure states will be important for arguing monogamy
score as a valid multiparty QC measure from the perspective
of the properties of random pure states.

Let us now introduce a measure to quantify the
nonmonogamous nature of a given class of multipartite
states with respect to a given QC measure, Q for all ¢ < .
It is defined as the area under the curve of the fraction of
nonmonogamous states with respect to the monogamy power
of the considered quantum correlation measure Q, which for
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FIG. 2. Behavior of fraction of nonmonogamous states (f) vs
monogamy power () for quantum work deficit when measurement
is in (a) the second (WW._) and (b) the first part V) of the A : BC,
A : B, and A : C bipartition of a given three-qubit pure state, |)apc-
All axes are dimensionless.

a given class of states, reads as

Mgz/o ' fouda, @)

provided o, is finite. See Table 11 for Mg values for different
QC measures. Note that Mg is a single number which
composes information of both «. and «,. As already argued
before, Mo also shows that irrespective of the choice of Q,
on average, random pure states from the W class are more
nonmonogamous than that from the GHZ class.

Remark. Since the o, value is very large for work deficit
(>10), Myy_ and M,y are not numerically discernible in
this case.

Note. In the remainder of the paper, whenever we refer
to quantum discord or work deficit, the measurement will be
performed in the second party.

TABLE I. Comparative study of values of the two criticalities o),
and o, (see main text) for the GHZ- and the W-class states.

Measure Class a, o
Negativity (N) GHZ 0.1467 1.6735
W 0.0991 1.9885
Logarithmic negativity (£) GHZ 0.1497 1.8540
W 0.0991 2
Concurrence (C) GHZ 0.1470 2
W 2 2
Entanglement of formation (EoF) GHZ 0.0866 1.3520
W 1.0410 1.4280
Quantum discord (left) (D_,) GHZ 0.1163 3.4317
w 0.8382 9.3492
Quantum discord (right) (D.) GHZ 0.0968 1.3520
W 0.9797 1.3608
Work deficit (left) W-,) GHZ 0.1183 >10
w 0.9630 >10
Work deficit (right) OV.) GHZ 0.0989 >10
W 0.9799 >10

TABLE II. M, for various quantum correlation measures Q for
three-qubit pure states.

Measure Class Mo
Negativity (N) GHZ 0.7245
Y 0.9441
Logarithmic negativity (£) GHZ 0.8765
w 1.0957
Concurrence (C) GHZ 0.9498
w 2.0000
Entanglement of formation (EoF) GHZ 0.6182
w 1.2751
Quantum discord (left) (D_,) GHZ 0.6669
W 1.4870
Quantum discord (right) (D) GHZ 0.6472
w 1.2333

B. Uniformity in criticalities for multiqubit states

Let us now move on to the computation of criticalities
in « for random pure states of a higher number of qubits.
Specifically, we focus on the change in the value of «, for a
given Q with an increasing number of parties N. We observe
the emergence of a universal feature of «, with respect to Q
when the number of qubits is varied. However, there is a stark
contrast in the response of f and «, obtained for entanglement
and information-theoretic measures with the increase in the
number of parties. Let us now enumerate the similarities and
differences of §g« by varying the number of qubit N from
3 to 6.

1. The value of o, and Mg decreases for all Q with the
increase of N. See Fig. 3 for some typical QC measures.
Similar traits can also be seen for other QC measures.

2. Although «, shows some similarities, the fraction of
nonmonogamous states demonstrates contrasting behavior de-
pending on the choices of the measure. In particular, in the
case of entanglement measures, f starts from 1 at « = 0 and
then jumps to a value which is strictly smaller than 1 with
o # 0, thereby causing a discontinuity in f with «. Such
discontinuity in f is not observed in the case of information-
theoretic QC measures.

N D
! N=3 — ! N=3
- N=14 N=4
08 % N=5 0.8 N=5
N=6 m N=6
0.6 0.6
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0.4 0.4
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0 o 0
0 05 1 15 2 0 05 1 15 2
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FIG. 3. Plot of f against o with different number of parties N.
In (a), negativity is chosen as an entanglement measure, while in
(b), D_ is plotted. Comparing (a) and (b), we note that unlike
entanglement measures, f for information-theoretic measures do not
show any jump with ¢ — 04-. All axes are dimensionless.
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3. With the increase of N, the value of o), for
entanglement measures decreases, while it is increasing
for information-theoretic ones. We observe this feature for a
moderate number of parties.

The above observations indicate that for a moderate num-
ber of qubits, all the random pure states become monogamous
with respect to arbitrary QC measures. We will analyze this in
greater detail in the succeeding sections and examine the tran-
sition from nonmonogamy to monogamy with the variation of
the number of parties.

IV. STATISTICS OF MONOGAMY SCORES
FOR MULTIPARTITE RANDOM PURE STATES

In recent years, it has been argued, by using the concept
of geometry of quantum states [48], that random pure mul-
tipartite states with a moderate number of parties are highly
entangled [39,40,49,50], and hence they can be resourceful in
quantum information processing tasks, especially in quantum
communication protocols. In this section, we investigate the
distribution of monogamy scores of random pure multiqubit
states for different QC measures. The patterns of distribution
of monogamy scores show some universal characteristics
irrespective of the measures used to probe them. We first
report the difference between the distribution patterns of
the GHZ- and the W-class states. We then move on to a
higher number of parties and comment how the corresponding
spreads change when we consider random pure states with
more than three parties. The results obtained in this regard is in
good agreement with the previous results based on geometric
entanglement measures.

A. Distribution of monogamy scores for multipartite QC
measures of three-party states: GHZ vs W class states

To carry out the investigation of three-qubit pure states, we
generate 10° pure states |y)apc, Haar uniformly from both
the GHZ and the W classes (see Appendix). The analysis is
performed by considering the entanglement and information-
theoretic measures as well as their squares. We are interested
in scrutinizing the qualitative characteristics of monogamy
scores for QY i.e., 55 in @ <« and o > «, regions by
considering certain statistical quantities, viz. mean, variance,
and skewness [51] defined as

Mean: u = (g« ),

Variance: o2 = (82d) — uz,

Skewness: Kk = ((690—_“>3> ®))

o

The key traits that emerge from the inspection of the GHZ-
and the W-class states are summarized below.

1. The first important feature, we notice, is the universality
in the distribution of monogamy scores for various QC mea-
sures in case of random pure states, belonging to the GHZ
class (see Fig. 4). In particular, we find that the mean of the
distribution of 8¢ is always positive for all Q, as well as
it is positively skewed leading to the Bell-typed distribution
tilted towards zero. Quantitatively, the aszg and «;, values

0.08 0.08
e @ = (b)
Z 0.06 £ 0.061
ISy o}
= (.04 £ 0,04
g 2
= 0.021 =0.021
Q [}
= =
. 0.00-
—05 00 05 1.0 —02 02 06 1.0
de OEoF
0.10 0.10
e © = (@
= 0.08 § 0.08-
£0.061 £0.06-
£0.049 £0.04
= .02 = .02
o~ ~
0.00 0.00-
—02 02 06 1.0 —0.5 0.0 5 0.5 1.0
5
(ot

FIG. 4. Relative frequency of monogamy scores for random
three-qubit states. Measures chosen are (a) concurrence, (b) en-
tanglement of formation, (c) negativity, (d) logarithmic negativity,
(e) quantum discord (right), and (f) quantum work deficit (right).
Note that Haar uniform simulation of three-qubit random pure states
always belong to the GHZ class. The shape of the distribution
remains qualitatively similar if one considers 8. as also seen from
Table IV. All axes are dimensionless.

tend to lie within small windows, viz. 0.02 < 0529 < 0.05 and

0.48 < k5, < 0.65; sec Table III.

TABLE III. Mean, variance, and skewness values for the GHZ-
and the W-class states for various QC measures.

Q Class Mean Variance Skewness
N GHZ 0.18542 0.022174 0.62577
w 0.025438 0.0069282 0.38597
L GHZ 0.094092 0.026725 0.59757
W —0.023887 0.01132 0.15495
C GHZ 0.068952 0.037962 0.48944
w —0.19631 0.0089384 —0.076814
EoF GHZ 0.25496 0.036393 0.50209
w —0.062687 0.0022365 —0.66105
D. GHZ 0.25496 0.036393 0.50209
w —0.062687 0.0022365 —0.66105
W, GHZ 0.079392 0.051408 0.64816
w —0.085636 0.0033781 —0.9464
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FIG. 5. Relative frequency of 8o of states from the W class (a) EoF, (b) £, and (c) W.. In (d)—(f), similar measures are chosen for
studying the distribution of §4.. Unlike the GHZ class, the distribution of 8 is quite contrasting to §4 (see Tables III and IV). All axes are

dimensionless.

2. On the other hand, random pure states chosen from
the W class do not show any qualitatively similar pattern.
For example, we observe that mean and skewness of 8‘5 do
not even have the same sign for different QC measures (see
Table III and Fig. 5).

3. Furthermore, our analysis reveals that for the GHZ-
class states, distributions of §S1% and 6§51 are qualitatively
similar (see Tables III and IV). However, for W-class states,
a contrasting behavior in the distributions of 5‘5 and 83’2 are
observed; see Fig. 5.

As it is already known from [46], an easy test to distinguish
two inequivalent classes in three-qubit pure states is to find the
tangle (§¢2). Vanishing tangle guarantees the W-class states
while the nonvanishing value of §q ensures the GHZ-class
states.

TABLE IV. Mean, variance and skewness values for the GHZ-
and the W-class states for the squares of various QC measures.

Q? Class Mean Variance Skewness
N? GHZ 0.413269 0.027109 0.19832
w 0.14462 0.015031 0.90635
L2 GHZ 0.37581 0.023849 0.40478
w 0.13071 0.010451 0.76232
c? GHZ 0.33335 0.034293 0.50371
w 0 - -
EoF? GHZ 0.3985 0.040395 0.32512
w 0.060853 0.0036504 1.1312
D2 GHZ 0.42308 0.040715 0.23827
W 0.074828 0.0043115 0.84245
W2 GHZ 0.31472 0.043941 0.46134
w 0.058729 0.003126 0.70358

The above analysis provides a course-grained picture of the
properties that are typical to all the QC measures, and are not
just restricted to any specific one.

B. Monogamy scores mimic properties of multipartite
entanglement measures

In the preceding section, we observe that all the distribution
of monogamy scores for random three-qubit pure states which
typically belong to the GHZ class, follow a similar pattern.
Such behavior is nicely reflected in the values of skewness,
which turns out to be around 0.5 for all the QC measures.
Since previous studies show that random N-party pure states,
with N > 11 are highly entangled [39,40], it will be interest-
ing to see the distribution of the monogamy scores for higher
number of parties. In this respect, let us first consider the
monogamy score in an asymptotic scenario.

Theorem 1. For a random pure state of N qubits, the
monoganty score for any entanglement measure Q approaches
to unity with the increase of the number of parties provided the
entanglement measure reduces to von Neumann entropy of the
local density matrix for pure states.

Proof. For pure states, of N parties, |V)23. n, the first
term in the monogamy score defined in Eq. (1), Qj.reg, for
a large variety of entanglement measures, reduces to the von
Neumann entropy of the reduced density matrix, S(p;) =
—tr(p; log, p1), where p; = tras v (|1¥) 123..5 (¥ ]). For a state
with N qubits, the mean entropy, averaged over the Haar
measure, reads [52-54]

2N
1 1 log, e
(S(p)) =logye| > ST ~ v ©
2V=1+1
so that for N — oo, we have
(Qirest) = (S(P1)IN>00 — 1. @)
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TABLE V. Statistical quantities (X = p, o2, k) of 8 for three- and six-qubit states.

X=u,0%k Mean Variance Skewness
N —
3 6 6 3 6

Q|

c? 0.33335 0.95732 0.034293 0.0013211 0.50371 —1.4482
N? 0.41329 0.95373 0.027109 0.0013209 0.19832 —1.4483
EoF? 0.3985 0.93432 0.040395 0.00259 0.32512 —1.3846
L2 0.37581 0.96605 0.023849 0.00073 0.040478 —1.5107
D? 0.42308 0.92927 0.040715 0.0025693 0.23827 —1.3762

«—

Although we have taken the first party to be the nodal ob-
server, the results remain unchanged for other nodal observers
as well. Therefore almost all states, Q...st = 1 for large N.

Let us now try to put bounds on the bipartite QC, Qy,;
in Eq. (1). If we restrict ourselves to spin-1/2 particles, all
p1.; are two-qubit states having rank 2. Moreover, we know
[7,8] that the partial transposition criterion is necessary and
sufficient for entanglement in this case. All bipartite states
obtained from an N qubit random pure state will have positive
partial transpose [49] for N > 6 4 log, %, and hence are
separable, having vanishing entanglement, i.e., we get Q.
identically vanishing for sufficiently large N, for almost all
states. Therefore, for the entanglement measures considered,
for sufficiently large values of N,

dg =1, ®)
for almost all N-qubit states. This completes the proof. ]

Remark. Numerical simulations of four, five, and six-qubit
states unveils that (Q;.;) approaches its extremal value, i.e.,
(Qy.;) — 0, faster than the way (Q).rest) approaches unity with
the increase of N.

Numerical simulations reveal that not only for entangle-
ment measures, but also for information-theoretic QC mea-
sures, for high N, say for random six-qubit states, Q(p1.;) —
0 and (8g) = 1 as (Qiqest) — 1, which is in agreement
with the asymptotic case. Let us now describe the way by
which it approaches to unity for random multiparty pure states
(cf. [40]).

N=3 N =14
0.06 0.08
(a) (b)
g £ 0.06-
2 0.04- e
o [op
o o
&= (.04
= 0.021 2
é oqé 0.024
0.00 0.00 tH
0.5 1.0 0.0 0.5 1.0
6(:‘2 6C.’

We again Haar uniformly [48] generate random pure states
of three, four, five, and six qubits and compute §:. To analyze
the data in a quantitative manner, we evaluate mean, variance,
and skewness for various measures as presented in Table V.
Figures 6 and 7 highlight the change in the distribution of §.:
and dp: with the variation of number of qubits. Analysis of
the Tables V and VI, and Figs. 6 and 7 reveal certain aspects
of monogamy scores.

1. Mean of §y: increases with N YQ and becomes more
than 0.92 for N = 6. Moreover, entanglement measures ap-
proach unity faster than the information-theoretic one.

2. All the QC measures make a transition from being right
skewed to being skewed to the left with N > 4.

Theorem 1 coupled with the numerical simulations gives a
comprehensive picture of how the distributions of monogamy
score approaches unit mean with the increase of N. Therefore,
almost all the random pure states not only satisfy monogamy
relation for any arbitrary squared QC measure Q2, but it
possesses a very high value of the same with states having a
moderate number of parties. For example, among 10° random
six-qubit pure states, 91.34% states have §> more than 0.9.

The geometric measure of entanglement [55], defined
as E,(|yr)) = —log, sup,ep [{(a|¥)|> with P being the set
of all product states, rises rapidly with the increase in the
number of parties. Specifically, it was shown that the fraction
of states having E, < N —2log,(N) — 3 is smaller than
¢ ™*. Our results which show how the maximal value is
attained by increasing the number of parties have a striking
resemblance with the above result. Moreover, this similarity is

N=5 N =6
(© (d)

_ 0,15 0.3
g g
5} 3}
s 3
£0.10- 202
s £
= 0.05 Z0.1-
= =

0.004 0.0

0.0 05 1.0 0.0 05 1.0
602 6C2

FIG. 6. Patterns of distribution of monogamy scores for squared concurrence for randomly chosen pure states with (a) three, (b) four,
(c) five, and (d) six qubits. (d) Confirmation that most of the random six-qubit pure states possess high values of §... All axes are dimensionless.
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N=3 N =4
0.08
i (b)
g £0.061
< <
g &)
& £ 0.041
E z 0.02
= e
0.00 i ‘
0.5 0.0 0.5 1.0
Sp2 Spe

N=5 N=6

0.15 0.3
@ (@)
= 0.10- =0.2-
o o
£ =
g g
= 0.0 = 0.1
<5} [}
o~ ~

0.00- 0.0

0.0 0.5 1.0 0.0 0.5 1.0
Op2 Op2

FIG. 7. Trends of distribution of 503_ for different values of N [(a)—(d) three, four, five, and six qubits]. Note that §.» and 51)3_ behave in a
similar fashion and their behavior is the same as multiparty geometric entanglement measures as reported in [40,50]. All axes are dimensionless.

independent of the measure used to construct the monogamy
scores. Thus, we can safely assert that on increasing the
number of parties, almost all randomly chosen pure states
have maximal monogamy score and that the state possesses
high QC.

Furthermore, it was shown [46] that monogamy scores
with squared concurrence, §¢2, also known as three tangle is
an entanglement monotone, and consequently all its positive
powers are also valid entanglement measures. Although this
is no longer true for monogamy scores based on other QC
measures. Analyzing our data, we can conclude that if the
monogamy scores are properly written, so that non-negativity
is guaranteed, then their distributions mimic the pattern of
multiparty entanglement for moderate number of parties.
Moreover, our results also establish a connection between
the restrictions in sharability of bipartitie QC in a multiparty
quantum state and the amount of multiparty QC contained in
the state.

V. CONCLUSION

For multiparty quantum states, the knowledge about the
distribution of quantum correlation among its various parties
lies at the heart of the characterization of multiparty entan-
glement or more generally, multiparty quantum correlations
(QC). Unlike classical correlations, quantum mechanics puts
restriction on arbitrary sharing of QC. Such constraints are
encapsulated in the concept of monogamy and are quantified
in terms of the monogamy score.

The monogamy score can be defined for any valid quantum
correlation measure and the same raised to any non-negative

TABLE VI. Mean of 52 for N = 3 to 6 parties.

X=nu Mean

o) N= 3 4 5 6

c 033335 072941 090175  0.95732
2 041329 075322 090303  0.95373

EoF? 0.3985 073239 087166  0.93432

c? 037581 075106 092158  0.96605

D> 042308 070413 0.85582  0.92927

power. In this paper, we compute the critical monogamy
power above which all the random pure states becomes
monogamous for several paradigmatic QC measures. We also
show that it decreases with the increase in number of parties.
We find that the fraction of nonmonogamous states remains
frozen for certain powers of QC measure in a monogamy
score.

Both analytically and numerically, we report that the mean
of the distribution of monogamy scores for a large number
of parties of random pure multiqubit states approaches to
unity irrespective of the QC measure. Our analysis unveils
a universal character, independent of the measure, in the
distribution of monogamy scores and its statistically relevant
quantities like mean, variance, and skewness.

From the distribution of monogamy score, it is clear that
almost all random pure states having a moderate number of
parties are not only monogamous with respect to any QC mea-
sure, but possess high value of the corresponding monogamy
score. Such results can have some important applications
towards building quantum cryptography involving multiple
parties. Moreover, the observations in behavior of monogamy
scores are in good agreement with the known results obtained
for geometric measure of entanglement for random multiparty
states. Additionally, our analysis of mean and skewness of the
distributions shows the path in which the distributions change
with the variation of the number of parties.
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APPENDIX

We describe the parametrizations used to describe the two
SLOCC inequivalent classes of three-qubit pure states. Fur-
thermore, we provide definitions of the quantum correlation
measures, used in the main text.
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1. GHZ- and W-class states

Any arbitrary three-qubit random pure state can be repre-
sented as

8
W) =Y eiliriais),
i=1

where o; = o] + i}, with o] and &/ being chosen randomly
from a normal distribution with mean O and variance unity
and |ix) = |0) or |1), k = 1, 2, 3. Any random pure three-qubit
state belongs to the GHZ class, having §2 > 0

On the other hand, another important class of three-qubit
pure states which are SLOCC inequivalent with the GHZ class
is the W-class state, given by

[Yw) = /al001) + /b|010) + /¢|100) + +/d|000),

up to local unitary operations. Since among three-qubit pure
states, the W-class states belong to the set of measure zero,
simulation of random three-qubit pure states does not produce
states from the W class. Since it is an important class and its
trends of the distribution can be important, we numerically
simulate the W-class states by randomly choosing parameters
from normal distribution.

2. Entanglement measures

Some typical measures from the entanglement separability
paradigm are discussed below. For a pure bipartite quantum
state, |Y4p), entanglement is uniquely defined as the von
Neumann entropy of its reduced density matrices, given by

E(Yup)) = S(pa) = S(pp),

where S(0) = —tr(ologo), and ps and pp are the local den-
sity matrices of |Y4p). For mixed bipartite states, there are
more than one inequivalent quantifiers of entanglement. The
ones considered in this manuscript are the known computable
ones.

1. The entanglement of formation [13] for a mixed state
pap is defined as

EoF(pas) = min " pi€(1¥ig)),
(pi.l¥ap)t =

(AL)

(A2)

1

where the minimization is taken over all possible pure state
decompositions, pap = Y, pil¥iz) (¥ipl. It can be computed
for arbitrary two-qubit states, explained below.

2. The concurrence [14] for a pure state, |45), is defined
as

C(Yrap) = |(YanlVPan)l.

where |ap) = oy ® oy|Yy) with |y},) being the com-
plex conjugate of |y4p) in the computational basis
{100), [01), [10), [11}}.

For a general two-qubit density matrix, psp, we first define
the spin flipped density matrix, pap = (0y ® 0y)p; (0} ® 0y),
and the operator R = ././0appz+/Pas. The definition of
concurrence then reduces to C(pap) = min{0, A; — Ay — Az —
As}, where A;s are the eigenvalues of R in decreasing order.
The entanglement of formation is then given by EoF(pap) =

(A3)

F(C(pap)) where F(C) reads as

(2
F(C) = h(H— 216) (Ad)

with h(x) = —xlog,(x) — (1 — x)log,(1 — x) being the well-
known binary entropy.

3. Negativity [15] is defined as the twice of the absolute
sum of negative eigenvalues of the partially transposed density
matrix, p,%, where partial transposition is taken with respect
to B. Mathematically,

Npas) = ||p3l] = 1 = ||ofs|] = 1.

where ||A|| = trv/ATA.
Note that we multiply by 2 to make its maximum for two-qubit
maximally entangled states to be unity.

(4) The logarithmic negativity [15,16] for a bipartite state
pap 1s defined in terms of negativity as

L(pap) = 10g,(N (pap) + 1),

where positivity of L(psp) guarantees that the state is entan-
gled and distillable.

(A5)

(A6)

3. QC measures independent of entanglement

Some representative quantum correlation measures from
the information-theoretic paradigm are given below.

a. Quantum discord
Uninterrogated quantum conditional entropy of a bipartite
state pap, shared between A and B, is defined as S(pap) =
S(pap) — S(pp)- Similarly, the interrogated conditional en-
tropy is defined as

Spaw) =min d _ piS(oa), (A7)

where the minimization is performed over all complete sets of
projective measurements with

= Tl (14 © 1)y & 1)

where p; = Trap[(Iy ® TT7)pag(I4 @ M17)].
Hence, uninterrogated quantum mutual information can be
written as

(A8)

I(pas) = S(pa) — S(paip); (A9)

while the interrogated quantum mutual information reads as

I (pap) = S(pa) — S(pap), (A10)

2

where the symbol “<” in the subscript indicates that the
measurement is performed on the second subsystem B.

Quantum discord [17,18] is defined as the difference be-
tween uninterrogated and interrogated quantum mutual infor-
mation, given by

D (pan) = I(pap) — I—(pan), (A11)

which can be called quantum discord (right). Naturally, when
measurement is performed in the first party, we get quantum
discord (left), denoted by D_,. Throughout the paper, unless
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mentioned, we compute D._. The results remain qualitatively
unchanged for D_, .

b. Quantum work deficit

The amount of extractable pure states under a set of global
operations, called “closed operations” (CO) is given by
Ico = log, dim(H) — S(pas). (A12)

On the other hand, the amount of extractable pure states under
a set of closed local operations and classical communication

(CLOCC) can be

ICLOCC = logz dlm(H) — min S(,OAB), (A13)

with minimization being performed over all local projective
measurements on the second party and where o)y, = > p;oaj;-
Quantum work deficit [20,21] can be argued as a measure of
QC and is defined to the residual work extraction by CO after
extraction by CLOCC and can be represented as

W (pa) = Ico — IcLocc- (A14)

Like quantum discord, when the measurement is performed in
the first party, we have W._, .
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