Six-dimensional time-space crystalline structures
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Time crystalline structures are characterized by regularity that single-particle or many-body systems manifest in the time domain, closely resembling the spatial regularity of ordinary space crystals. Here we show that time and space crystalline structures can be combined together and even
six-dimensional time-space lattices can be realized. As an example, we demonstrate that such timespace crystalline structures can reveal the six-dimensional quantum Hall effect quantified by the
third Chern number.

Ordinary space crystals are characterized by a spatially periodic distribution of atoms observed at a fixed
instance of time, i.e. the moment of the experimental
detection. This periodic distribution presents a manifestation of spontaneous symmetry breaking, whereby continuous translational symmetry of the underlying Hamiltonian is disrespected and narrowed down to the discrete
translational symmetry of a crystal. In time crystals [1–
6], the roles of time and space are inverted. One fixes
the position in space, which corresponds to the location
of a detector, and asks if the probability of clicking of
the detector behaves periodically in time. It was shown
that discrete time crystal behavior can emerge spontaneously in a many-body system [7–30]; here, the interacting many-body system conspires to support structures
that have lower symmetry (larger period) than the driving signal. However, in time-crystal research the phenomenon of spontaneous symmetry breaking is not the
only interesting scenario. Crystalline structures in time
can also be engineered by suitable external time-periodic
driving [3, 5, 6, 31, 32]. In the latter case we deal with
a situation similar to photonic crystals [33] where periodic modulation of the refractive index in space has to
be imposed externally. Although no spontaneous symmetry breaking occurs, the situation is nonetheless interesting. Here, one focuses on the time-periodic behavior
that is described by temporal counterparts of crystalline
solid-state models. Analogs of various condensed-matter
phases have been already investigated in time crystals:
Anderson and many-body localization, Mott insulator
and topological phases can be observed in the time domain [32, 34–39]. Periodically driven systems can also
reveal crystalline structures in the phase space [31, 40–
42]. See [3, 5, 6] for recent reviews.
In the present letter, we demonstrate the notion of
time-space crystals (TSC) that support both spatial and
temporal periodic structures simultaneously [43–50]. We
begin with a single particle moving in a one-dimensional
(1D) spatially periodic potential. If such a potential is
periodically and resonantly driven in time, a time crystalline structure can be created and combined with the

periodic structure in space to form a 2D TSC. Similar shaking can be realized in all three orthogonal directions and allows one to create a 6D TSC. Realization of a 6D crystalline structure paves the way towards
investigation of 6D condensed-matter phases. Here we
demonstrate how these structures can be endowed with
synthetic gauge fields [51–57], and this development completes the toolbox necessary for the realization of the 6D
quantum Hall effect (QHE). Here, in addition to the first
Chern number [58], the nonlinear quantized response is
characterized by the third Chern number [59, 60]. Our
work complements and extends several previous proposals [61, 62]. Ref. [61] focused on the 4D QHE [63] realized
by introducing a single extra dimension to a 3D lattice
and Ref. [62] sought to access 6D physics by reinterpreting the energy levels of a harmonic trap as a synthetic
dimension. From the perspective of accessing higherdimensional physics with the help of extra or synthetic
dimensions [64–68] our work seeks to promote the time
as a resource suitable for doubling of the number of dimensions [3, 5, 6, 69].
2D time-space crystals.—Let us start with a particle
in a 1D spatially periodic potential which is periodically
shaken in time. For ultracold atoms, such a potential
can be realized by modulating two counter-propagating
laser beams [57]. Switching to the frame moving with
the lattice the scaled Hamiltonian (in the recoil units
[70]) reads
H(x, px , t) = p2x + V0 sin2 x + px λω sin ωt.

(1)

Here V0 is the depth of the optical lattice, and the last
term in (1) results from the transition to the moving
frame, see [70]. The position of the optical lattice is
harmonically modulated with a small amplitude λ and
frequency ω which is chosen resonant with the motion
of a particle. Classically, this means that the particle
of energy E < V0 is moving periodically in a single lattice site with the frequency Ω(E) = ω/s, with an integer
s. In order to understand how time crystalline structure
is created let us apply the classical secular approximation. First, we introduce the canonical variables where
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the position of the particle on a resonant orbit is described by the angle θ ∈ [−π, π), and the corresponding
conjugate momentum is the action I. Then, we switch
to the frame moving along the orbit, Θ = θ − ωt/s,
and finally average the resulting Hamiltonian over time.
This yields the time-independent effective Hamiltonian,
Hi = P 2 /2meff − Veff cos(sΘ) that describes the motion
of a particle in the i-th lattice site in the vicinity of
the resonant orbit characterized by the resonant value
of the action Is . Here, meff and Veff are constant effective parameters, and the new conjugate pair of coordinates are Θ ∈ [−π, π) and P = I − Is [70]. Thus, in
the frame moving along the resonant orbit, a particle behaves like an electron in a spatially periodic potential
with s sites. Quantizing the Hamiltonian Hi , we obtain
its eigenstates in the form of Bloch waves and for s  1
the corresponding eigenenergies form energy bands. Focusing on the first energy band, Wannier states wi,α (Θ)
can be defined; they are localized [71] in individual sites
(α = 1, . . . , s) of the effective potential −Veff cos(sΘ).
In the original variables, these Wannier states are localized wave packets wi,α (θ − ωt/s) moving along the
resonant orbit. On a detector located close to the resonant orbit (i.e. at fixed θ and I ≈ Is ), the probability of detection of a particle
prepared in an eigenstate
P
of Hi , e.g. eiK(θ−ωt/s) α wi,α (θ − ωt/s), changes periodically in time and reflects a crystalline structure in
the time domain — K can be interpreted as the timequasimomentum.
The easiest way to describe the entire system beyond
a single site is to apply a quantum version of the secular
approximation [72]. Due to the periodicity of the system in space and in time we may look for time-periodic
Floquet states (i.e. eigenstates of the Floquet Hamiltonian H = H − i∂t [73, 74]) that describe resonant
motion of a particle and are Bloch waves of the form
eikx uk,α (x, t) where k is the usual quasimomentum while
α = 1, . . . , s labels resonant Floquet states. The wave
functions uk,α (x, t + 2π/ω) = uk,α (x, t) = uk,α (x + π, t)
fulfill the eigenvalue problem
h

i
H (0) + (px + k)λω sin ωt − i∂t uk,α = Ek,α uk,α , (2)

where the unperturbed part of the Hamiltonian reads
H (0) = (px + k)2 + V0 sin2 x and Ek,α are quasienergies
[74]. We choose the eigenstates ψk,n (x) of the unper(0)
turbed Hamiltonian, H (0) ψk,n = Ek,n ψk,n , as the basis
for the Hilbert space, perform the time-dependent uni0
tary transformation ψk,n
= e−inωt/s ψk,n (which is the
quantum analog of the classical transformation to the
frame moving along the resonant orbit) and finally neglect all time-oscillating terms [70]. This yields the following matrix elements of the effective Floquet Hamilto-

nian

ω
(0)
0
0
δn0 n − hψk,n0 |px |ψk,n i
Ek,n − n
hψk,n
0 |H|ψk,n i ≈
s
iλω
×
(δn0 ,n−s − δn0 ,n+s ) .
2
(3)
Diagonalization of (3) allows us to obtain the resonant
Floquet-Bloch states eikx uk,α (x, t). Proper superpositions of eikx uk,α (x, t) form time-periodic Wannier states
wi,α (x, t) which are localized wave packets moving along
the resonant orbit with the period s2π/ω. To demonstrate the temporal and spatial behavior of these states,
in Fig. 1 we plot the probability densities of the k = 0
Floquet-Bloch state |u0,α (x, t)|2 and the three Wannier
states. We note that: (i) the probability densities |uk,α |2
change only a little with k, and (ii) in order to obtain
the appropriate form of the Floquet-Bloch states in the
lab frame one needs to apply the unitary transformation e−ipx λ cos ωt . However, we consider very small amplitudes, e.g. λ = 0.01, thus the actual changes imposed
by this transformation are negligible. In the subspace
spanned by the Wannier states wi,α (x, t), the Floquet
Hamiltonian takes the form of the tight-binding model
[70]
Ĥ = −

1 X j,β †
Ji,α âj,β âi,α ,
2

(4)

i,α,j,β

(†)

where âi,α is the annihilation (creation) operator actj,β
ing on the site (i, α). The tunneling amplitudes Ji,α
=
R sT
−(2/sT ) 0 dthwj,β |H|wi,α i with T = 2π/ω describe
hopping transitions between sites of the optical lattice
(Latin labels) and between the time-lattice sites (Greek
labels) and are dominant for nearest-neighbor hopping
i,α
(note that the coefficients Ji,α
= const. do not depend
on either i or α and are the on-site energies). The range of
the validity of the quantum secular Hamiltonian (3) can
be examined by checking if the classical secular Hamiltonian reproduces quantitatively the exact classical motion
[70]. If it is so, the quantum counterpart is also valid.
This implies that we are interested in the regime where
eigenenergies of H (0) support multiple bands, which is
provided by large lattice depths V0 ' 103 . Experimentally, this regime is attainable but in order to deal with
appreciable hopping between sites of the optical lattice,
the resonant condition for time-periodic shaking of the
lattice must correspond to a highly excited band with
energy E . V0 and this is the regime we explore here.
Note that we are interested in a resonant coupling between highly excited bands of an optical lattice not in a
resonant coupling between the lowest bands as, e.g., in
[75–77]. In the numerical example (see below) we have
i+1,α
| ∼ 10−3 which is about an order of magnitude
|Ji,α
larger than the incoherent scattering rate for, e.g., 87 Rb
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FIG. 1: Probability densities of the k = 0 Floquet-Bloch state
|u0,α (x, t)|2 (black line) and the individual Wannier states
|wi,β (x, t)|2 (dashed colored lines) for a particle in the resonantly vibrating optical lattice potential (1), at different moments of time, i.e. at (a) ωt = π/5, (b) ωt = π/5 + π and
(c) ωt = π/5 + 2π. The parameters of the system are the
following: s = 3, V0 = 4320, ω = 240 and λ = 0.01. Three
sites of the optical lattice potential are shown only and in
each site only one Wannier state (out of three for s = 3) is
presented. Note that the Floquet-Bloch states are periodic
with the period ωT = 2π, whereas the period of the Wannier
states is three times longer.

atoms in the presence of the CO2 laser radiation at wavelength 10.6 µm [78]. In order to load ultracold atoms to
the resonant manifold, the atomic cloud must be initially
prepared in an auxiliary static optical lattice consisting
of narrow wells so that the width of the corresponding
Wannier states matches the width of the Wannier wave
packets wi,α . Next the auxiliary lattice should be turned
off and the vibrating optical lattice (slightly displaced
with respect to the auxiliary lattice) should be turned
on. This results in a state where for each i only one site
of the time lattice is occupied, see Fig. 2. The appropriateness and efficiency of a similar loading process was
explored in Refs. [14, 28].
6D time-space crystals.—Generalization of 2D TSC to
4D or 6D TSC is straightforward. Indeed, let us consider
a 3D optical lattice vibrating along all three orthogonal
directions. Then, the Hamiltonian of a particle in the
frame vibrating with the lattice is the sum H(x, px , t) +
H(y, py , t) + H(z, pz , t) where H is given in (1). Because
there is no coupling between different degrees of freedom
of a particle, in order to describe 3D resonant motion of
a particle one may use the results obtained in the case of
the 2D TSC. We define the Wannier states W~i,~α (~r, t) =
wix ,αx (x, t)wiy ,αy (y, t)wiz ,αz (z, t), where wi,α are Wannier wave packets constructed in the previous paragraph,
and derive the 6D tight-binding model of the same form
as (4) but with the indices i and α generalized to three-

FIG. 2: Loading ultracold atoms to the resonant manifold:
(a) The atoms are first loaded into the ground state of an
auxiliary superlattice that consists of a periodic sequence of
narrow potential wells — their widths are chosen such that
the lowest-band Wannier functions (shown by the blue, red
and green full lines) approximate the targeted Wannier wave
packets wi,α (x). (b) Next, the auxiliary lattice (dashed black
line) is turned off and the targeted shaken lattice (solid black
line) is turned on to place the prepared Wannier states (red
lines) at the classical turning points; the profiles shown here
correspond to ωt = 0. (c) Wannier states undergo periodic
oscillations; the profiles shown here correspond to ωt = π/5 +
π, cf. Fig. 1 (b).

component vectors ~i = (ix , iy , iz ) and α
~ = (αx , αy , αz ),
see [70]. It means that in each site of the 3D optical
lattice we realize the s × s × s net of periodically moving wave packets W~i,~α (~r, t) which is associated with a 3D
temporal lattice. The entire system of all such sites of
the 3D optical lattice forms a 6D crystalline structure.
In the following, we show how 6D QHE can be realized
in such a 6D TSC by first setting the stage with the realization of synthetic gauge fields that support the 2D
QHE in a 2D TSC.
Quantum Hall effect in 2D time-space crystals.—In ultracold atoms prepared in a 2D time-independent optical lattice, the QHE was realized with the help of the
photon-assisted tunneling against a potential gradient
created along one of the two spatial directions [54, 55],
alternatively – along a synthetic dimension [65] encoded
by the atom’s internal state [66, 67]. Importantly, the
hopping amplitude acquired a phase that could be controlled by changing the angle between the laser beams.
It allowed one to realize a system where tunneling of
an atom around an elementary plaquette resulted in a
Aharonov-Bohm phase [56] that defines an artificial flux.
The energy bands of such a system are characterized by
the first Chern number that determines the quantization
of the Hall conductivity. Here we show that the concept
of photon-assisted tunneling against a potential gradient
can be extended to TSC, however, the potential tilt is
now realized along the temporal direction.
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We thus consider an atom in the vibrating optical lattice potential of Eq. (1) in the presence of an additional
secondary optical lattice vibrating in time in the same
way. Also, the previously considered harmonic vibration
must now be modulated according to a tailored signal
P
(x)
fx (t) = n6=0 fn einωt/s . The total Hamiltonian of the
system reads
H̄(x, px , t) = H(x, px , t) + V1 sin2 (2x + φ) + px fx (t), (5)
where H is given in (1), V1  V0 and φ 6= 0. The goal is
to engineer the effective Hamiltonian with an additional
linear term, H̄i = P 2 /(2m̄eff )− V̄eff cos(sΘ)+Ux Θ, where
Ux Θ =

X

(x)

f−n pn (E)einΘ ,

(6)

n6=0

and Ux 2π/s is smaller than the energy gap between the
first and second energy bands of H̄i with fx (t) = 0. This
requires that the additional modulation fx (t) of the lat(x)
tices’ motion is chosen in such a way that f−n pn (E) are
the Fourier components of the linear potential Ux Θ. Here
pn (E) are Fourier components of px (t) corresponding to
the motion of a P
particle on the unperturbed resonant orbit, i.e. px (t) = n pn (E)einΩ(E)t with Ω(E) = ω/s [70].
Note that for V1 = 0, the even components p2m (E) = 0,
therefore in order to realize the linear potential (6) we
have to add the secondary optical lattice, cf. (5), to provide p2m (E) 6= 0. The presence of the linear potential in
the effective Hamiltonian H̄i describing a single site indicates that in the frame moving along the resonant orbit
a particle experiences a potential tilt. Eigenstates of the
quantized version of H̄i are localized in α = 1, . . . , s sites
of the potential −V̄eff cos(sΘ); and they form a localized
basis similar to the Wannier state basis which we also
denote wi,α (Θ) but hopping between sites with different
α is suppressed.
The quantized version of the classical secular Hamiltonian H̄i allows us to find how to shake the optical lattices
in order to turn off hopping of a particle between Wannier
states wi,α and wi,β . The predictions based on the classical secular approach are confirmed by the results of the
quantum secular approximation which yields the tighti,β
binding Hamiltonian of the form of (4) where Ji,α
= 0
i,α
for β 6= α and Ji,α ≈ α2πUx /s. It means we are able
to suppress hopping between time-lattice sites by tilting
the TSC along the temporal direction.
The last stage of the realization of the QHE in the
2D TSC is to reestablish the suppressed hopping but
i,β
with complex tunneling amplitudes Ji,α
∝ eiϕi where
the phase ϕi is a linear function of the site index i. To
this end we apply two laser beams with slightly different frequencies (i.e. the difference of the photon energies
matches the difference of the on-site energies, 2πUx /s,
of neighboring sites of the tilted time-lattice) propagating at an angle to the x axis so that the difference of

the wave vectors points along the x direction and its
length is denoted by ∆kph . Absorption of a photon by
an atom from one beam and emission of a photon into
the other beam is described by the spatially dependent
Rabi frequency Ωph ei∆kph x . Following a well established
approach (see e.g. Refs. [51–55, 57] and in particular the
detailed account in Sec. 8.4.3 of Ref. [56]), we find that
the presence of such a two-photon process modifies the
parameters of the tight-binding model (4), i.e. now we
i,α
≈ constant and non-zero
have Ji,α
i,α+1
Ji,α
=

Z
0

sT

dt
sT

Z

∗
dx wi,α+1
(x, t)Ωph ei∆kph x wi,α (x, t).

(7)
i,1
= 0 because the photon-assisted tunneling
Note that Ji,s
is not able to compensate the difference between the onsite energies of the α = 1 and α = s sites. Thus, we deal
with the ribbon geometry characterized by open boundary conditions along the time direction. Importantly the
i,α+1
complex phase of Ji,α
changes with i and it can be
controlled by changing ∆kph . Thus, an atom acquires a
phase when it tunnels around a plaquette of the TSC.
Such a phase can be associated with a magnetic-like flux
and the system can reveal the 2D quantum Hall effect.
That is, in the limit of s → ∞, the tight-binding model
describes a bulk system and depending on the value of
the magnetic-like flux different number of energy bands
form which can be characterized by the non-vanishing
R
(x)
first Chern number ν1 = (2π)−1 BZ dkdKΩxt which is
the integral of the Berry curvature, Ωxt = ∂k AK − ∂K Ak ,
over the Brillouin zone (BZ) where Ak = hnk,K |∂k |nk,K i
and AK = hnk,K |∂K |nk,K i define the Berry connection
and ei(kj+Kα) |nk,K (j, α)i is a Bloch wave belonging to
the n-th band [58–60].
We would like to stress that the topological TSC considered here is described by a 2D tight-binding model and
is distinct from a system that realizes a 1D topological
pump [60, 63, 79, 80] based on a 1D model whose parameter changes periodically in time. In other words, the
developed model provides a versatile platform for studies
of condensed matter phases of 2D crystalline structures,
supported by Hubbard-type models [70, 81].
Quantum Hall effect in 6D time-space crystals.—The
idea for the realization of the topological 2D TSC can be
generalized to higher dimensions. Instead of a 1D optical
lattice we can consider a particle in a 3D lattice vibrating
in three orthogonal directions which is described by
the Hamiltonian H̄(x, px , t) + H̄(y, py , t) + H̄(z, pz , t)
where H̄ is given in (5). For each degree of freedom
of a particle one can apply the same idea of the
photon-assisted tunneling as in the case of the 2D
TSC and realize a 6D counterpart of the tight-binding
model (4) where the complex phase ϕ~i of the tunneling
~~

i,β
amplitudes J~i,~
∝ eiϕ~i changes with a change of the
α
optical lattice indices ~i. Note that, if fx,y,z (t) have
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FIG. 3: Energy dispersion obtained from a 2D tight-binding
model of a three-leg [panel (a)] and 11-leg [panel (b)] ribbon
i+1,α
i,α+1
with hopping parameters J = |Ji,α
| and |Ji,α
| = 0.4J
in the long and short directions, respectively, and π/2 flux
per plaquette encoded by Peierls phases [65]. Formation of a
topological subband structure with edge modes crossing the
gaps is apparent. Combining three such 2D models into a 6D
model, its edge mode is built as a product of states at quasimomentum kx = ky = kz = π/4 marked by the red dot in (a)
and (b). The probability density ρα
~ of this mode in a threeleg [panel (c)] and 11-leg [panel (d)] ribbon is plotted as a
function of the time-lattice indices α
~ = (αx , αy , αz ) and illustrates its localized nature with respect to all three directions,
i.e. on the edge of the 6D ribbon. Parameters that can realize
such a ribbon are ω = 236.2, V0 = 4320, V1 = 0.1V0 , φ = π/8
and Ux = 1. The first ten harmonics for the tilted potential are included, cf. (6). This gives the hopping parameter
J ∼ 10−3 .

different amplitudes, the resulting potential tilts Ux,y,z
are different and each pair of three pairs of the laser
beams can be tuned to induce hopping along one
spatial direction only. The 6D quantum Hall effect
can be observed if the third Chern numbers ν3 of
energy bands of such a tight-binding model do not
vanish. The spatial degrees of freedom of a particle
are decoupled which implies that eigenstates of the 6D
tight-binding model are products of 2D Bloch waves, i.e.
~~ ~
ei(k·j+K·~α) |nkx ,Kx (jx , αx )i|nky ,Ky (jy , αy )i|nkz ,Kz (jz , αz )i,
and consequently the third Chern number is a product
(x) (y) (z)
of the first Chern numbers ν3 = ν1 ν1 ν1 . The
third Chern number determines how the third order
current response depends on an external electromagnetic
perturbation [60]. The topological character of the 6D
TSC can be illustrated by the presence of topologically
protected edge states. For a finite resonance number
s, the photon-assisted tunneling reestablishes hopping
between time lattice sites but not between the first
αx , αy , αz = 1 and the last αx , αy , αz = s sites which

means we deal with the open boundary conditions and
edges in the TSC.
In Fig. 3 we plot the energy dispersions for a narrow (s = 3) and broader (s = 11) 2D ribbon with
open boundary conditions on the α = 1 and α = s
edges. In the broad ribbon, the formation of topological band structure is evidenced by the presence of chiral
edge states that cross the gap. The number of such left
and right propagating modes is equal to the sum of the
Chern numbers characterizing the bands below the gap.
The band structure of the narrow ribbon clearly shows
precursors of these edge modes. While the chiral nature
of such edge modes has been demonstrated in the literature, let us focus on their edge-like nature in the synthetic
temporal dimensions. We thus define the standard onsite densities ρ~i,~α = hψ|â~†i,~α â~i,~α |ψi and their projections
P
to the synthetic dimensions ρα~ = ~i ρ~i,~α . The distributions of these densities, for eigenstates |ψi corresponding
to eigenenergies in energy gaps, are shown in panels (c)
and (d) of Fig. 3 and demonstrate the formation of edge
states in the time dimension [82]. Such edge states can
be prepared experimentally by means of the method illustrated in Fig. 2.
To conclude, we have shown that by combing time and
space crystalline structures it is possible to realize 6D
time-space crystals. Six-dimensional condensed matter
physics is attainable if a 3D spatially periodic system
is resonantly driven in time. As an example we have
described a route for the realization of gauge fields and
observation of the 6D quantum Hall effect. Is 6D timespace electronics around the corner?
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arXiv:2011.02557 (2020), 2011.02557.
Q. Gao and Q. Niu, arXiv e-prints arXiv:2011.00421
(2020), 2011.00421.
D. Jaksch and P. Zoller, New J. Phys. 5, 56 (2003), URL
http://arxiv.org/abs/quant-ph/0304038.
F. Gerbier and J. Dalibard, New J. Phys. 12, 033007
(2010), URL http://arxiv.org/abs/0910.4606.
A. R. Kolovsky, EPL 93, 20003 (2011), 1006.5270, URL
http://arxiv.org/abs/1006.5270.
M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, Phys. Rev. Lett. 111, 185301
(2013), 1308.0321, URL http://arxiv.org/abs/1308.
0321.
H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Burton, and W. Ketterle, Phys. Rev. Lett. 111, 185302
(2013), 1308.1431, URL http://arxiv.org/abs/1308.
1431.
N. Goldman, G. Juzeliunas, P. Öhberg, and I. B.
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Supplemental Material
In this Supplemental Material, we:
• introduce the basic Hamiltonian used in the letter,
• present the classical and quantum versions of the
secular approximation for the resonant dynamics
of a particle in a periodically shaken optical lattice
potential,
• show how to derive the tight-binding model for the
time-space crystalline structure,
• explain in detail how to generalize a twodimensional (2D) crystalline structure to a 6D one.
However, we begin with a description of the concept of
condensed matter physics in time crystals [1–3].
CONDENSED MATTER PHYSICS IN TIME
CRYSTALS

Discrete time crystals are periodically driven quantum many-body systems which are able to break spontaneously discrete time translation symmetry of the drive
[1, 3]. It is a temporal demonstration of one of the important properties of solid state systems. It turns out
that apart from the discrete time crystals and the spontaneous symmetry breaking, it is also possible to realize
other condensed matter phenomena in the time dimension. In ordinary space crystals we deal with periodic
distributions of atoms in space which can be detected at
a fixed moment of time. When we switch from space to
time crystals, the roles of space and time have to be interchanged. We fix a position in space (i.e. we choose
a space point where we locate a detector) and ask if a
detector clicks periodically in time. We are not interested in trivial time evolution of a system but in time
periodic behavior which can be described by temporal
counterparts of solid state models. It has been already
shown that Anderson localization, many-body localization, quasi-crystal behavior or topological phases can be
observed in the time dimension [1–3]. It is even possible
to realize time lattices with properties of two- or threedimensional space crystalline structures [4]. There, different locations of a detector allows one to probe multidimensional dynamical lattices along different directions.
We would like to stress that crystalline structures we consider here are not emergent phenomena but they are created by a proper periodic driving of systems in time [1–3].
It is a similar situation like in photonic crystals which do
not emerge spontaneously because periodic modulation
of the refractive index in space is imposed externally [5].
In the present letter we show how to combine together
crystalline structures in space and in time and create even

6D time-space crystals. As an example of non-trivial
6D physics we have chosen a 6D quantum Hall effect
but the single-particle and many-body condensed matter
phenomena demonstrated already in time crystals [1–3]
can be also realized in 6D time-space crystalline structures.

HAMILTONIAN FOR A PARTICLE IN A
PERIODICALLY SHAKEN OPTICAL LATTICE
POTENTIAL

Let us consider an atom in a periodically shaken optical
lattice potential described by the scaled dimensionless
Hamiltonian
H(x, px , t) = p2x + V0 sin2 (x − λ cos ωt).

(8)

Here we choose to work in the recoil units for the en2
/2m and length 1/kL , with kL being the wave
ergy ~2 kL
number of laser beams that create the optical lattice.
The depth of the lattice is V0 and its position is modulated periodically in time with the amplitude λ and frequency ω. It is convenient to switch to the frame moving with the lattice; in the classical case this is done by
means of the time-dependent canonical transformation
x0 = x − λ cos ωt and p0x = px while in the quantum case
using the unitary transformation eipx λ cos ωt . This leads
to the Hamiltonian
H(x, px , t) = p2x + V0 sin2 x + px λω sin ωt,

(9)

where we drop the primes and use the same symbols x
and px for the transformed position and momentum variables. The Hamiltonian (9) is the starting point for the
entire analysis performed in the letter.
We note that by means of a further transformation the
momentum shift can be traded for a term −xλω 2 cos ωt
describing a homogeneous inertial force [6]. However, we
choose not to follow this course in order to preserve the
explicit spatial translational symmetry.

CLASSICAL SECULAR APPROXIMATION
APPROACH

For the sake of reference, let us start with the unperturbed situation, i.e., a stationary lattice (λ = 0) and a
classical particle of energy E < V0 undergoing periodic
oscillations in the vicinity of a single potential minimum
with an energy-dependent frequency Ω(E). To simplify
the classical description it is convenient to perform the
canonical transformation to the action-angle variables [7],
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I=

1
2π

∂
θ=
∂I

I
Zx

px (E, x)dx,

(10a)

px (E, x0 )dx0 ,

(10b)

x0

with x0 set to the left classical turning point. Then the
unperturbed Hamiltonian depends on the new momentum I (the action) alone, i.e. H0 = p2x + V0 sin2 x =
H0 (I), and the solution of the Hamilton equations of motion is trivial: I = const., while the new coordinate (the
angle) is changing at a constant rate θ(t) = Ω(E)t + θ(0)
with Ω(E(I)) = dH0 (I)/dI.
Now let us turn on the shaking, which couples to the
momentum px (θ, I), and assume that the frequency ω
fulfills the resonant condition ω = s Ω(E(Is )) where s
is an integer and Is is the resonant value of the action.
Such a s : 1 resonant driving of a particle can be accurately described by the secular approximation provided
the time-periodic perturbation is weak [1, 3, 7, 8]. In order to obtain the effective Hamiltonian that describes the
motion of a particle in the vicinity of the resonant orbit,
we first switch to the frame moving along the resonant
orbit, Θ = θ − ωt/s, which results in
ωI
s
+ px (Θ + ωt/s, I)λω sin ωt.

H(Θ, I, t) = H0 (I) −

(11)

As the momentum of a particle on the resonant orbit is
periodic with respect to θ, we perform the Fourier expansion,
X
px (Θ + ωt/s, I) =
pn (I)ein(Θ+ωt/s) ,
(12)

but in the moving frame. When we return to the laboratory frame, a condensed matter-like behavior observed
versus Θ in the moving frame will be observed in the time
domain. Indeed, the transformation to the moving frame
is linear in time, i.e. Θ = θ − ωt/s. Thus, if we fix the
position in the laboratory frame (i.e. we locate a detector
at fixed θ close to the resonant orbit), then the probability of clicking of the detector versus time will reflect the
same behavior as the probability for detection a particle
as a function of Θ in the moving frame. This situation
can be interpreted as engineering of a synthetic dimension, related to the time variable rather than atom’s internal degrees of freedom [9–11]. Note that for a particle
moving in the sinusoidal potential V0 sin2 x even Fourier
components of the momentum vanish, p2n (E) = 0. Consequently only odd numbers s of sites in the periodic
potential in (13) can be realized.
In the letter we are also interested in the realization of
a tilted periodic effective potential, i.e. when the effective
Hamiltonian describing resonant motion of a particle in
the i-th lattice has the form
H̄i =

where Θ ∈ [−π, π), Veff = λω |ps (Is )| and we have performed the Taylor expansion for I around Is up to the
second order, which allowed us to define the effective
2
2
mass m−1
eff = d H0 (Is )/dIs . The constant term in the
square brackets in (13) can be omitted because it does
not influence the dynamics. The Hamiltonian (13) describes the resonant motion of a particle in the i-th site
of the shaken optical lattice. Its form shows that for
s  1, a particle behaves like an electron moving in a
periodic potential created by ions in a solid state crystal.
The Hamiltonian (13) describes a crystalline structure

(14)

It can be done if one adds a weak secondary optical lattice
and starts shaking the entire potential in an appropriate
manner in time. With this goal in mind, the Hamiltonian
(9) is modified to read
H̄(x, px , t) = p2x + V0 sin2 x + V1 sin2 (2x + φ)
+ px [λω sin ωt + fx (t)] ,

(15)

with V1  V0 and
fx (t) =

X

fn(x) einωt/s

(16)

n6=0

n

and finally average the Hamiltonian over the time keeping
Θ and I fixed because they are slowly varying variables
if we stay close to the the resonant orbit, i.e. for P =
I − Is ≈ 0 [1, 3, 7, 8]. This yields the effective timeindependent Hamiltonian


ωIs
P2
Hi = H0 (Is ) −
+
− Veff cos(sΘ),
(13)
s
2meff

P2
− V̄eff cos(sΘ) + Ux Θ.
2m̄eff

describing a weak modulation of the harmonic vibration
of the entire lattice. Introducing the action-angle variables corresponding to the new unperturbed Hamiltonian
H̄0 = p2x + V0 sin2 x + V1 sin2 (2x + φ) we again rely on
the same secular approximation and obtain the effective
Hamiltonian (14) where
Ux Θ = Ux

X i(−1)n
X (x)
einΘ =
f−n pn (E)einΘ . (17)
n

n6=0

n6=0

(x)

That is, fx (t) is chosen so that f−n pn (E) are Fourier
components of the linear potential. Note, that if pn (E) 6=
(x)
0 for all n, it is always possible to adjust f−n so that the
(x)
products f−n pn (E) take values we need. The role of
the secondary lattice is now clear because for V1 = 0 we
would not be able to reproduce the linear potential in (17)
due to the fact that the even components p2n (E) = 0.
When the secondary lattice is on, all components pn are
non-zero and we can engineer any effective potential, in
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We can locate a particle in different local minima of
the effective potential in Eq. (14), i.e. at Θ ≈ j2π/s
where j = 1, . . . , s . In the laboratory frame when we fix
position of a detector close the resonant orbit, different
locations correspond to different delays in time, jωt/s, a
particle appears at the detector. Importantly energy of
a particle depends linearly on j. In other words depending at which moment of time during the period s2π/ω
a particle passes close to the detector its energy will be
different. Therefore, the potential tilt we have realized is
actually a tilt along the time direction. In the quantum
description it is best visible in the tight-binding model
(cf. Sec. ), i.e. the on-site energies change with the temi,α
poral index α like Ji,α
≈ α2πUx /s.
The validity of the secular Hamiltonian (13) [or (14)]
can be examined by comparison of the phase space picture it generates with the stroboscopic map obtained
from numerical integration of the exact equations of motion. The depth of the optical lattice potential V0 can be
arbitrary because it defines the unperturbed part of the
Hamiltonian but the strength of the perturbation (determined by λ) has to be sufficiently small. Figure 4 shows
pictures of the classical phase space and indicates that
for sufficiently weak shaking the secular approximation
method leads to accurate quantitative description of the
system.

I

40
20
0
40

I

particular the linear one. Note that despite the fact that
the function fx (t) appears in the original Hamiltonian
(15) as a linear term, it can result in very different effective potentials depending how we choose the Fourier
(x)
components fn .

20
01

0

/

1 1

0

/

FIG. 4: Top panels: phase space pictures, in the action-angle
variables, generated by the classical secular Hamiltonian (13)
for s = 3, V0 = 4320, ω = 240 and λ = 0.01 (left) and
λ = 0.025 (right). Bottom panels: stroboscopic maps obtained by numerical integration of the exact equations of motion — bottom left (right) panel corresponds to the phase
space pictures presented in top left (right) panel. The stroboscopic maps are obtained by plotting points {Θ(nT ), I(nT )}
where T = 2π/ω is the period of the lattice shaking and n’s
are integer.

equation
h
i
H (0) (k) + (px + k)λω sin ωt − i∂t uk,α = Ek,α uk,α ,
(18)
where
H (0) (k) = (px + k)2 + V0 sin2 x,

QUANTUM SECULAR APPROXIMATION
METHOD

Quantization of the classical secular Hamiltonian (13)
[or (14)] allows one to obtain quantum description of resonant motion of a particle in a single site of the optical
lattice. To incorporate also tunneling transitions between
different real-space sites of the optical lattice potential
one can switch to the quantum version of the secular approximation method [1, 3, 12] which we introduce in the
present section.
The Hamiltonian (9) is periodic in time, H(x, px , t +
T ) = H(x, px , t) where T = 2π/ω. Thus, we may look for
time-periodic Floquet states which are eigenstates of the
Floquet Hamiltonian H = H − i∂t [8, 13]. The Hamiltonian (9) is also periodic in space H(x + π, px , t) =
H(x, px , t) and consequently the Floquet states have the
form of Bloch waves eikx uk,α (x, t) where k is a quasimomentum, uk,α (x + π, t) = uk,α (x, t) = uk,α (x, t + T ).
The wavefunctions uk,α (x, t) fulfill the Floquet eigenvalue

1

(19)

and Ek,α ’s are quasi-energies of the system. The index α
labels different Floquet states corresponding to the same
quasi-momentum k.
Solutions of (18) related to Floquet states that describe
resonant dynamics of a particle can be obtained in a simple way by applying the quantum secular approximation
approach. To this end we choose the eigenstates ψk,n (x)
of the unperturbed Hamiltonian,
(0)

H (0) (k)ψk,n (x) = Ek,n ψk,n (x),

(20)

as the basis for the Hilbert space of a particle. Next
we perform the time-dependent unitary transformation
0
ψk,n
= e−inωt/s ψk,n which is a quantum analog of the
canonical transformation to the frame moving along a
resonant orbit. It results in the following matrix elements
of the Floquet Hamiltonian


ω
(0)
0
0
hψk,n
Ek,n − n + kλω sin ωt δn0 n
0 |H|ψk,n i =
s
iλω
−hψk,n0 |px |ψk,n i
2


0
0
ω
ω
× ei(n −n+s) s t − ei(n −n−s) s t .

11
(21)
Averaging the above Hamiltonian over time while keeping
all quantities fixed (which is valid in the resonant sub(0)
(0)
space where |Ek,n±1 − Ek,n | ≈ ω/s) we get the desired
time-independent effective Floquet Hamiltonian

ω
(0)
0
0
δn0 n − hψk,n0 |px |ψk,n i
Ek,n − n
hψk,n
0 |H|ψk,n i ≈
s
iλω
×
(δn0 n−s − δn0 n+s ) .
(22)
2
Diagonalization of (22) allows us to obtain s resonant
Floquet states
X (α)
eikx uk,α (x, t) = eikx
ck,n e−inωt/s ψk,n (x),
(23)

E0,
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where α = 1, . . . , s and ck,n are constants. To identify
the resonant Floquet states among all eigenstates of (22)
it is helpful to compare the spectrum of (22) with the
spectrum of the quantized version of the classical secular Hamiltonian (13). Figure 5 presents such comparison
and demonstrates also consistency and validity of the approximation methods we use. That is, the classical secular Hamiltonian reproduces the exact classical dynamics
very well for sufficiently weak time-periodic driving (cf.
Fig. 4) and the spectrum of its quantized version match
the resonant energy levels of the quantum secular Hamiltonian (22).

FIG. 5: Black lines show energy levels obtained by diagonalization of the quantum secular Hamiltonian (22) versus λ for
s = 3, V0 = 4320 and ω = 240. Red dashed lines present resonant energy levels obtained by diagonalization of the quantized version of the classical secular Hamiltonian (13). Comparison of these two sets of data allows one to identify the
resonant energy levels among many eigenenergies of the quantum secular Hamiltonian — the highest energy levels in the
plot (marked by a grey elliptical loop) correspond to the s = 3
resonant Floquet states we are interested in. Note that only
two lines are visible as the lower energy level is degenerate.
The inset shows a zoomed out version of the spectrum of the
quantum secular Hamiltonian with the vertical energy axis
covering a broader range while the range of λs is the same.

TIGHT-BINDING MODEL OF TIME-SPACE
CRYSTALS

and the diagonalization can result in linear combinations
of the Wannier states that we look for. Thus we make
a specific choice of time t which ensures that the wavepackets are not strongly overlapping. The obtained Wannier states read
X j,α
wj,α (x, t) =
bk,β eikx uk,β (x, t),
(25)

Let us illustrate how to derive a tight-binding model for
a time-space crystal by focusing on the system described
by the Hamiltonian (9).
We are interested in resonant dynamics of a particle in
the shaken optical lattice potential, i.e. we restrict to the
Hilbert subspace spanned by the Floquet-Bloch states
(23). Within this subspace one can define Wannier-like
states wi,α (x, t) which are localized wave-packets moving
along classical resonant orbits in each i-site of the optical
lattice potential. That is, in each i-site one can define
α = 1, . . . , s wave-packets which are propagating along
the resonant orbit one by one with the period s2π/ω and
are delayed with respect to each other by 2π/ω.
In practice to obtain wi,α one can diagonalize the position operator Ô = x (or Ô = eix ) in the subspace spanned
by the resonant Floquet-Bloch states,
Z
h 0
i∗
0
0
hk , α |Ô|k, αi =
dx eik x uk0 ,α0 (x, t) Ôeikx uk,α (x, t).
(24)
Any t in (24) can be chosen, however, moments of time
when wave-packets strongly overlap are unfavorable because in this case eigenvalues of Ô become degenerate

k,β

where bj,α
k,β are constants.
Having the Wannier state basis one can derive a tightbinding model by calculating matrix elements of the Floquet Hamiltonian in such a basis,
j,β
Ji,α

Z

sT

= −2
= −2

0
X

dt
hwj,β |H|wi,α i
sT 


Ek,γ bj,β
k,γ

∗

bi,α
k,γ ,

(26)

k,γ

where Ek,γ are quasi-energies, cf. (18). Finally we obtain a tight-binding model which corresponds to quasienergy
E of a particle prepared in a state ψ(x, t) =
P
i,α ai,α wi,α (x, t),
Z
E=
0

sT

dt
1 X j,β ∗
hψ|H|ψi = −
Ji,α aj,β ai,α ,
sT
2
i,α,j,β

(27)
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j,β
’s have the meaning of tunneling amplitudes
where Ji,α
and they are dominant for hopping of a particle between
nearest neighbor optical lattice sites.
In order to describe N bosonic atoms in the resonantly
shaken optical lattice, one may apply the second quantization formalism and obtain the effective Bose-Hubbard
Hamiltonian. We are interested in the resonant Hilbert
subspace spanned by the single-particle time-dependent
basis of the Wannier states wi,α (x, t) and consequently
we expand the bosonic field operator in the corresponding annihilation operators
X
ψ̂(x, t) ≈
wi,α (x, t) âi,α ,
(28)
i,α

and calculate the second quantized version of the Floquet
Hamiltonian
Z
Z sT
dt
dx ψ̂ † (x, t)[H(t) − i∂t ]ψ̂(x, t)
Ĥ =
sT
0
1 X j,β †
Ji,α âj,β âi,α .
(29)
= −
2
i,α,j,β

If contact interactions between ultra-cold atoms are
present and they are not strong enough to couple significantly the system to the subspace complementary to
the resonant Hilbert space, we may approximate the interaction part of the Floquet Hamiltonian as follows [3]
g0
2

Z

sT

0

dt
sT

Z

dx ψ̂ † ψ̂ † ψ̂ ψ̂ ≈

1
2

X

X

0

0

0

i ,α ,j ,β
Ui,α,j,β

i0 ,α0 ,j 0 ,β 0 i,α,j,β
×â†j 0 ,β 0 â†i0 ,α0 âj,β âi,α ,

0

(30)

where
0

0

0

0

i ,α ,j ,β
Ui,α,j,β
=

Z

sT

dt
sT

0

Z

∗
∗
dx g0 wi∗0 ,α0 wj∗0 ,β 0 wi,α
wj,β
. (31)

i,α,i,α
The on-site interactions Ui,α,i,α
are dominant but if the
s-wave scattering length of atoms is properly periodically
modulated in time, g0 (t + sT ) = g0 (t), the long range
i,α,i,β
interactions Ui,α,i,β
between atoms occupying different
wavepackets in the same optical lattice sites can be enhanced [3, 4]. That is, at the moments when two Wannier
states wi,α and wi,β overlap one may tune the scattering
length g0 (t) to a larger value and repeat it with the period
i,α,i,β
sT which results in larger values of Ui,α,i,β
that determine the effective long range interactions, cf. Eq. (31).

~
~j,β
J~i,~
α

Z

sT

= −2
Z0 sT
−2
0

SIX-DIMENSIONAL CRYSTALLINE
STRUCTURES

We have seen that the effective description of a resonantly shaken 1D optical lattice potential leads to the
2D tight-binding model (27) [or (29)]. Now we are going
to explain how to obtain a 6D crystalline structure if the
3D separable optical lattice, V0 (sin2 x + sin2 y + sin2 z),
is shaken resonantly (with the same frequency ω) along
the x, y and z directions.
Let us first focus on a single site [denoted by ~i =
(ix , iy , iz )] of the 3D optical lattice potential. Due to
the fact that the 3D lattice is separable we may define
Wannier-like states independently for each degree of freedom, i.e. wix ,αx (x, t), wiy ,αy (y, t) and wiz ,αz (z, t). It allows us to construct the 3D Wannier states for a particle
W~i,~α (~r, t) = wix ,αx (x, t) wiy ,αy (y, t) wiz ,αz (z, t).

(32)

Thus, in a given site of the 3D optical lattice potential we deal with a space of states labeled by the threecomponent index α
~ = (αx , αy , αz ) where αx , αy , αz =
1, . . . , s. In other words we are able to realize a finite 3D
crystalline structure in each site of the 3D optical lattice
shaken along the three independent directions with the
same frequency ω. Such a structure is repeated in each
site of the 3D optical lattice and consequently we end up
with a 6D crystalline structure whose sites are labeled by
two vector indexes ~i and α
~ . The 6D crystalline structure
can be described by the tight-binding model (or the BoseHubbard Hamiltonian) of the same form as Eq. (27) [or
(29)] but with i → ~i and α → α
~ . Indeed, if we expand a
wavefunction of a particle in the basis of the 3D Wannier
states,
X
ψ(~r, t) =
W~i,~α (~r, t) a~i,~α ,
(33)
~i,~
α

the quasi-energy of a particle in such a Hilbert subspace
reads
Z
Z
Z
Z sT
dt
dx dy dz ψ ∗ (~r, t)
E =
sT
0
× [H(x, px , t) + H(y, py , t) + H(z, pz , t) − i∂t ] ψ(~r, t)
1 X ~j,β~ ∗
= −
J~i,~α a~j,β~ a~i,~α ,
(34)
2
~
~i,~
α,~j,β

where

Z
 Z
 Z

dt
∗
∗
∗
dx wjx ,βx [H(x, px , t) − i∂t ]wix ,αx
dy wjy ,βy wiy ,αy
dz wjz ,βz wiz ,αz
sT
 Z

Z
 Z
dt
∗
∗
∗
dz wjz ,βz wiz ,αz
dx wjx ,βx wix ,αx
dy wjy ,βy [H(y, py , t) − i∂t ]wiy ,αy
sT
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Z

sT

−2
0

dt
sT

Z

dx wj∗x ,βx wix ,αx

 Z

dy wj∗y ,βy wiy ,αy

 Z

dz wj∗z ,βz [H(z, pz , t) − i∂t ]wiz ,αz



j ,β

,βz
,βx
,
δβy ,αy δjy ,iy δβz ,αz δjz ,iz + δβx ,αx δjx ,ix Jiyy,αyy δβz ,αz δjz ,iz + δβx ,αx δjx ,ix δβy ,αy δjy ,iy Jijzz,α
= Jijxx,α
z
x

(35)

j,β
are
where H is given in Eq. (9) [or Eq. (15)] and Ji,α
tunneling rates obtained in the 2D case, see Eq. (26).
The Kronecker deltas in Eq. (35) indicate the fact that
the 6D lattice is separable into three independent 2D
lattices. Note that the Floquet-Bloch states and Wannier
states form orthogonal bases at any time [8, 13] therefore
the integrals like
Z
dx wj∗x ,βx (x, t) wix ,αx (x, t) = δβx ,αx δjx ,ix (36)

[7]

[8]

are time-independent.
[9]
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